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Jlekuus 14. HeonpeneneHuwlit HHTErpan
I1.1. [loHsaTHE HEONpPEAETCHHOrO HHTErpaia

OMP. Mycts 3anana pyukuus [ : (a',b) — R. ®ynkums y = F(x)
Ha3bIBaeTCs NeppoobpasHoii GyHkuud y = f(x) Ha uHTEpBane (a;b),
eciu F'(x)= f(x),Vxe (a;b).
V ¢yHkuuu y = f(X) MOXKET CylIecTBOBATH MHOTO NEPBOOOPA3HBIX .
x? +1 B x?+2

2 T
pa3sHbIMH GYHKLHH } = X .
TEOPEMA 1 (o cTpykType MHOMECTBA NEpBOOOPa3HbIX).
Iycts y = Fi(x) u y = F,(x) nBe nepeoobpastbic GyHKUUH
y= f(x) na (a;b). Torna F)(x)— F,(x) =C = const .
JOK. [1peanosokuM NpoTUBHOE:!

dx,, x, :[xl;xz]c (a;b)_) P(x,)—p(x,)#0,

rae ¢(x) = F,(x)— F,(x) . Torna Ha oTpe3ke [xl ;xz] JUis pyHKUMH
@(x) cnpasemnnBa Teopema Jlarpamxa:

Hanpumep, pyHkuuu y = ABJIAIOTCS NEPBOOO-

Ix, E(x,;xz)—>¢’(x3)=¢)()c])_%2¢0.
X =X

[Tocnennee NMPOTHBOPEUMT YCAOBHIO TOro, uto ¥y = Fi(x) uy = F,(x)
JBe nepBoobpasHbie GpyHKuMH y = f(X) Ha (a;b), MOCKOJIbKY

¢'(x) = (F/(x) - F}(x) = f(x) - f(x) =0 na (a;5).
OI1P. HeonpeneneHHsiM UHTErpasiom pyHkuun y = f(x) Ha uHTEpBa-
ne (a;b) Ha3bIBAETCA MHOXKECTBO BCEX MEepBOOOPa3HbIX PYHKLIHH
y= f(x) na (a;b). OGo3Hauenue: If(x)dx =Fx)+C.

Onepauuy nuddepeHUHPOBaHH H HHTETPUPOBaHHS 00paTHLIE B TOM
CMbICJIE, YTO

d([f)dx)= fdc w [df = [fxde= fx)+e.

Jloka3aTenbcTBO ITHX POPMYJT HAXOIUTCS HAa YPOBHE OMpe/iesIeHHiH
nuddepeHrHana ¢pyHKUHH H HEONPENEJICHHOO HHTErpasa ( caMocTos-
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tenbHO). TakuM 0Gpasom, 3Hauku d H _[ , CTOSILHE PAIOM, ApYT OpYy-

ra YHHUTOXKaloT. B kauecTBe npocTeiliero cBOHCTBa HHTErpaia, BbiTe-
KAKOWIEro U3 ero OnpeaeyieHus, OTMETHM €ro JIMHEHHOCTD!

[(ar x)+ Be(x)dx = @ [ f(x)dkx + B [g(x)ax .
[1. 2 .TexHnka HeonpeaeNneHHOro HHTErPUPOBAHUS
A. 3ameHa nepeMeHHOIA.
TEOPEMA 2 (0 3amMeHe nepeMeHHOl B HEONpPeAeIeHHOM HHTErpase).
[Myctb dyHKuMs ¥ = u(t) UMeeT HenpepbIBHYIO NPOU3BOAHYIO Ha OT-

pe3ke [a;ﬂ]n E, = [a;b], a dyHkumns y = f(u) HenpepbiBHa Ha
[a;b]‘ PaccmoTpum aBe nepoobpasubix F(u) = _[f(u)du u

G@)= _[ S (u(t))u'(t)dt . Torna cnpaBeanusa popmyna
Fu@®)=6@)+C.

JIOK. (F(u(t)~G(1) = £(u), ., 4’ ()~ (@' () =0, ¥t € [z; ]

Torma F(u(t))—G(t) = C = const .

[TPUMEP 1. Haiit unrerpan [x(x* +1)°®dx.

PEUIEHHUE. Jlenaem 3ameny u = x° +1. Torma dy = 2xdx — xdx = ‘12”

501 2 01
" _[x(xz +1)5°°dx=%-_|‘u5°°du=‘l-‘—~ =£x—+1L+C.

1002} _, 1002

x°+1
b. UHTerpupoBaHue No yacTaM.
TEOPEMA 3 (dopmysia HHTErpHpOBaHHS MO HacTAM).

Jlnst moGbix aByX dynxumnii u(x),v(x): (a,b) — R, umerowmx Henpe-
puiBHbie npoussoanbie Ha (a;b), cnpaseniusa dopmysna
[ (x)dx = u(x)v(x) ~ [u'(xpv(x)x
JOK. u(x)-v(x)+C = _[d(u(x) -v(x)) =
= _[(u'(x)v(x)dx +u(x)'(x)dx) = _[u'(x)v(x)dx + _[u(x)v'(x)dx .

DopMyJly HHTErPUPOBaHHUS MO YaCTAM 3aNUCHIBAIOT OOBIYHO B AUd-
¢depeHumansHo# dopme:
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J.udv =uv-— J'vdu

[TPUMEP 2. Boluucauts HHTErpan |xcosxdx:

J.xcosxdx= xdsinx = xsinx — |sin xdx =xsinx + cosx+C.

[MPUMEP 3. BbMHUCUTE UHTErpal J.ln xdx :

J.lnxdxlenx— J.xé =xlnx-x=x(lnx~1)+C.
x

I1.3. Tabnnua nepBooOpa3HbIX 31EMEHTAPHBIX PyHKLH#H

Caenyrowas Tabnuua sBnserca odpalieHHeM TabIHLb! POH3BOI-
HBIX dneMeHTapHbiX GyHkumii. Kaxkasiii pesynbrar nposepserca qug-
¢depeHuupoBaHueM.

2

Lf®) =1 [ldt=x+C . 2. f@)=x- J.xdx=-%+C.

3.

7.

8.

1 dx ;
f(X)—;—é J.-x——ln‘x{+c

S@=x"n%-1, - [x"dv="—+C.
n+l

f(x)=e" —->J.e‘dx=e‘+C.
f(x)=a" —»J.a‘dx=£—+C.

Ina
f(x)=Inx — J'lnxdx=x(lnx——1)+C.

1 dx 20
f(x)=————r1_+? -> J'mm'=ln:x+\/l_+7ﬁ+0

1 dx .
9. f(x)— '——1—x"2‘ —')J. r——--l”_’:'x'éi =arcsinx + C.

10. f(x)=sinx —» |[sinxdx=-cosx+C.

11. f(x)=cosx — J.cosxdx=sinx+C

12. f(x)=1gx — J'tgxdx=~ln}cosx[+C.
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1

W

f(xX)=ctgx > Ictgxdx = Inlsin x|+ C.

' 1 dx
14. f(x) = - =arctgx+C.
/) 1+ x? '[1+x2 &

1 a1, |x-1
15. = —> =-—-l —_+C'
J& =17 Ix2—1 2 x4l
16. f(x)= 12 —)I — =1gx+C.
COS X COS X
17. f(x)= _12 > J'df =—ctgx +C.
sin” x Sin- x
18. f(x)=shx =" 5 [shxdc=chx +C.

+e

19. f(x)=chx=i—2———> chxdx = shx +C.

1 dx
20. = - =—cthx+C.
7&) sh’x '[shzx

1
21. f(X)= chzx'

YITPAXKHEHHUA: 1. Tokaxure hopMyy JTHHEHHOH 3aMEHbBI
1
[f(ax+b)dx == F(ax+b)+C.
a

—)_l.-—d%-=thx+C.
ch'x

2. Bolukcnure uHTerpan |cos fx - e™dx, ncnons3ys npeacrasiie-

Hue cos fx - e™ = Re(e(""”‘)" )

3K3AMEHAIIUOHHBIE BOIIPOCHI.

1. MoHsTHe HeonpeaeneHHoro uurerpana. Teopema o cTpykType MHO-
JKECTBA NepBOObpasHbIX.

2. Teopema 0 3aMeHe nepeMEHHOI B HEOTPEAEIEHHOM HHTErpasne.
IMpumepsi.

3. Teopema 06 HHTErpHPOBaHHH MO YaCTAM B HEOTPEAEICHHOM HHTe-
rpane. [pumeps!.

4. Tabnuua HeonpeaeNeHHbIX HHTErPAIOB.



Jlekuus 15. HUHTerpupoBaHue pauuoHanbHbIX GyHKUHIH
I1.1. lenenne MHOrOWIeHOB Haueno H ¢ ocratkoM. Hanbonbmuii 06-
HIHi JeNTUTEND ABYX MHOTOWIEHOB.

OINP. Muorounen P, (x) penutcs Haueno Ha mHorouneH P,(x) nnu

P, (x) ansercs penurenem muorowieHa P, (x), ecnu cyuiecTByer MHO-
rounen S(x), ans koroporo P, (x) = P,(x)-S(x).

OINP. MHuorounen P,(x) menutcs Ha MHorouneH P, (x) ¢ ocratkom,
ecnu HaiinyTca muorowiensl, S(x) u R(x), ans xoropsix

B (x) = P,(x)-S(x)+ R(x), npu 31oM crenenb MHorowneHa R(x)
MeHbLIe cTeneHH MHorowieHa P, (x). MHorounen R(x) Ha3kiBaercs
OCTaTKOM OT aeneHns muorownena P, (x) na muorounen P,(x),a

S(x) ero HEMOAHBIM YACTHBIM.

OITP. Muorounen D(x) Ha3biBaeTca HaHGONBIIMM OGLIHM AEIUTENIEM
mHorouneHoB P (x)u P,(x),ecnn 1) D(x) obwwmii penurens P (x)
u P,(x) ,2) ans moboro obuero nenurens D, (x) MHorouneHos

P (x) n P,(x)Bbinonneno ycnosue: D(x) naueno aenutcs Ha D, (x).
Ecnu D(x) wanGonbuunii o6umii aenurens muorowieHos P (x) u

P, (x), To 3THM e cBolicTBOM o6nanaer mHorouneH A - D(x) npu mo-

6om A € R, 1.e. MHorounes D(x)=HOJI(P,, P,) onpenenex ¢ TouHo-
CTbIO 10 MHOXKHTEJA.

OINP. Muorounens! P, (x) u P,(x) B3aumuo npoctsl, ecnu D(x) =1.
TEOPEMA 1 (o Hau6onbueM o6uieM aenuTesiec MHOrO4YJIEHOB),

Ecnn D(x) naubonblunii o6mnii nenurens MHorowieHos P (x) u

P, (x), To cymectBytor muorowiessl 1, (x)u T, (x), ans koropbix
D(x) = P,(x)-T,(x) + P,(x)- T ().

JOK. Cnocob noka3arenscTBa cBA3aH ¢ nocrpoenreM D(x) meTonom

Esxnupa. Ipeanonoxum, yro crenenb MHorowneHa P, (x) paBHa n,a

crenenb MuorowneHa P, (x) pasHa m , npuuem n 2 m. Paznenum

P (x) na P,(x) cocratkom, T.e. P (x) = P,(x)-S,(x)+ R,(x) . Ecnn

P (x) n P,(x) nenarcs Haueno va D(x), 1o R,(x) Tarke nenurcs Ha
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D(x) naueno. Pazgenum c ocratkom P,(x) Ha R,(x), T.e.
Pé (x) =R, (x)-S,(x)+ R,(x), rae crenens R,(Xx) MeHblue cTENneHH
R, (x) . Mponomkas npouecc AeIeHHs C OCTATKOM, NOJy4HM MOCIEN0-
BATENILHOCTH MHOTOWIEHOB R, (X), CTeneHH KOTOPBIX YMEHbIIAIOTCS C
yBeauuenuem k . [pouecc nenenus 3akaHuusaercs, ecau R, (x) =0.
Torna D(x) = R, (x), nockonbky R, (x) sBisercs nenurenem
R, (x), R _,(x),..., R(x),A(x) u P,(x) no nocrpoenuio. C npy-
roit cropoHsl, mo6oi aenurens D, (x) muorounenos P (x) u P,(x)
aemmt R (x),R,(x), ..uR, (x).
W3 pasencrea R, _,(x) =R, ;(x)-S,(x)+ R, (x) cnenyer, uro
D(x)=R,_,(x)=R,_,(x)-S,(x). loacTariss BbIpaKEeHUs 11
R, (x) n R, ,(x) u3 npeaplaylunx paBeHCTB U NPUBOAS NOJOOHbIE
cnaraembie npu P (x)u P,(x), npuxoauM K K paBeHCTBY
D(x) = P (x)-T,(x) + P,(x)-T,(x), Ans HEKOTOPHIX MHOrOWICHOB
T,(x)n T,(x).
CJIENCTBHE. Ecnu 3HameHatens (J(x) pauuoHatbHOi dyHk-

P(x)

umu f(x) = a(—; passiokeH Ha MHOXHTEIH O(x) = O, (x)- O, (x)
¢ B3aUMHO npocTeiMu MHorouwteHamu O, (x) u O, (x), To apobb
S(x)= ( ) MO3KeT ObITh Npe/iCTaR/ICHA B BHAE:
Q(x)
P =T(x)+ — A (x) 10 , rae T(x) MHorouneH,
Q(x) o (x) 0, (x)
h®) H 16 NpaBWILHBIE POOH.
O(x) O, (x)

JOK. Ecnu muorounennt O, (x)u Q,(x) B3auMHO NPOCTHL, TO MO TEO-

peme 1 Haiimyrca muorounenst 1) (x)u T,(x), ans koTopbix
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1=0,(x)-T,(x) + O,(x)- T, (x) . YMHOXas foc/ieiHee PaBEHCTBO Ha
P(x)wu nensa wa Q(x) = Q,(x)-Q,(x), nonyuum

PG) _ PO i) | P)-Ty(x)

0x) 0 0, (x)
Paznenum muorowtensl P(x)-7T,(x) n P(x)-T,(x) na Q,(x)n
Q,(x) cocrarkom: P(x)-T,(x) = Q,(x)-S,(x)+ A (x) u
P(x)-T,(x) = 0,(x)-S,(x)+ P,(x). Torna T(x)=S,(x)+S,(x).

I1.2. OcHoBHble pakTbl 3 anrebpbl MHOTO4JIEHOB
TEOPEMA 2 (ocHoBHas Teopema anrebpbi).

o -1
Bceskuii muorounen P(x)=a,x" +a, ,x" +..+a,x+a, c xom-
TUIEKCHBIMH KO3 hHULIMEHTaMH HMeeT XOTA Obl OIMH KOMILIEKCHBIH KO-
peHsb (6e3 noka3zaTenbCTBa).

CJEACTBHME. Ecnu x = z; kopeHb MHorowieHa P(x), To

P(x)=(x—~2z,)P(x), rae P, (x)MHOro4neH creneH1 Ha eIMHALYY

MmeHbIue, yem P(x).

JOK. Paznenum P(x) Ha (x -2z, ): P(x)=(x-2z,)B(x)+R,.

Torma R, = P(z,)=0.

TEOPEMA 3 (0 pa3nokeHHH MHOTO4JIEHa HA MHOXHTETH).

Ecnn P(x)=a,x" +a, ,x"" +..+a,x+a, MHOrO4IEH C KOM-

MIEKCHBIMH KO3 (PHLIMEHTAMH, TO HMEET MECTO Pa3iokKeHHe
P(x)=a,(x-z Xx -2z, )(x -z,).

Ecnu ko3¢ duumeHTsl MHOrOUIEHa NeHCTBUTENbHBIE, TO HMEET MECTO

pa3yioxeHHe

P(x)=a,(x-x Xx - xz)..(x - X, sz +bx+c ) vt (x2 +bx+c, ),

TIe X;,X;,5,X, ACHCTBUTEIbHbIE KOPHH MHOTOYIEHA, KO3DOHUHEHT

b,,c, ,i=12,..,k neiictBuTenbHbie KOIQPHLHEHTBI HEPAZTOKNUMBIX

2
KBafipaTHbIX TpexwieHoB, b," —4c, <0, n=m+2k.
JIOK. IepBoe yTBEpXIAEHHE BBLITEKAET W3 MHOTOKPATHOTO NPHUMEHEHHS
TeopeMbl 2 U ee clieJCTBHA K MHorouneHam P(x), P (x), P,(x) uT.a.

10



Ecnu x = z xopenb MHorowreHa P(x)c peiictBurenbHbIMH K03(dH-
LMEHTaMH, TO X = Z TaKKe KOpeHb MHorowieHa : P(z) = P(z)=0.
Tpoussenenve (x —z)\x—z)= x> —(z+Zx+zz=x> + bx +c,

rae b, ¢ — pefictBuTensHble yicna. Ecnu x = X, aeHCTBUTENbHBIH KO-

peHb MHOroujeHa KpaTHOCTH 7;,a X = Zj KOMILITEKCHBIH KOp€E€Hb KpaT-
HOCTH g jo TO HMEET MECTO NpEACTABJICHHE
2
P(X)=a,(x-x) (x—x)" -..-(x=x,)" (x* + Bx +¢)" -
v (2 +bx+c)",
e n=r,+7, +..+r, +2(q +q, +...+q, ).

OINP. PauuoHanbHas ApoOb BUAA Ha3bIBaeTCA NMpocTeiiieit
xX—a

LpoOLIO NMEepBOro THNa.

OI1P. PaunonanbHas apo6b BHaa Ha3bIBa€TCA MpocTeHLei

(x—a)”

JpoOblo BTOPOro THMNA.

OIIP. PaunoHanbHas apo6b Buaa —; Ha3bIBAETCH NMPOCTEii-
x“+bx+c

mei ApoObio TpeThero TUMa,

Ax+ B

OIIP. PauyonanbHas 1po6e Buaa ~—; ~ Ha3blBaeTcs npo-

(x* +bx+c)

creifeii ApobBIO YETBEPTOro THIIA.
I1.3. PaznoxeHue pauroHanbHbIX GyHKUME B CYMMY NMpocTeHunX

Apobeii

TEOPEMA 4 (o pa3noxeHHH pauHOHabHOH (QYHKUHH B CyMMY MpO-
creifumx apobei).
P(x)

O(x)

€Tcs B BHAE CYMMBI npocTefnX Apobelt YeThipex THNOB.

Bcskas npaswibHas pauMoHanbHas aApo6e f(x) = npeacTaBis-
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JIOK. INycTts MHorowteH (J(x) (ans onpeaeneHHOCTH MoaraeM, 4To

ero ko3¢ ¢HLMeHT NPH cTaplueil CTENeHN NEPeMEHHON paBeH 1) pa3no-
JKE€H Ha MHOXKHTETH:

0(x) =0, (%) 0 ()- 0, (%) 0, (%) - .. G (%),
rae Q,(x)=(x—x,)" u J,(x) = (x*> +b,x+c,)” B3anmno npocteie

MHorowieHsl (Teopema 3). Toraa no cneacTButo U3 TeopeMsl 1 uMeeM

Pk _ P(x) &P
.M P
f(x) = Q) ) T(x)+ ,ZIQ ™ ;Qj(x) HorowreH P (x)
cTeneHy 7, , 7 < r,, pa3liokHM Mo cTeneHsm (x —x,):

A

1A m;
: P(x : A
P,.(x)=ZAS(x—x,.)’ . Torna apoGe () =) ——
5=0 Q,.(x) 5=0 (x - x,‘) '
JIOXKEHa B CyMMY NpocTeinx Apobeli NepBoro U BTOPOro THUIOB 1S
Bcex i =1,2,...,m . MHorounex Pj(x) cTenenn §, < q; pa3fenumM Ha

pa3-

x’ +b,x+c; cocrarkom: 7’1.(x)=(x2 +bjx+cj)PJ'(x)+Ax+B.

P (x) P (x) Ax+ B

Q - 2 g,-1 + 2 s
;) (P +bx+c)) (x +bjx+cj)q

npencTaBiieHa B BUAE CyMMBI NpocTeiiueii Apobu YeTBepToro Tna U

Torna 1 apobb

. I
npaBHNBHOH ApoGU ¢ MHOro4uneHoM uncutens P/ (x) crenenu Ha age

eauHuLpl MeHslei. [Ipoaenae nono6Hoe AeneHHe KOHEUHOE YUCIO pa3s,
P.(x)
J,(x)
BepTOoro THNoB. U1 pa3fioXkeHHs paLHOHAIbHOH (PYyHKLIHH B CyMMy

npocTeikx Apobeii HCNoNb3yeTcs METOA HeonpeAeNeHHbIX KO3 dH-
L[HEHTOB.

pa3noKuM ApoOs - B CyMMY NpocTeilnx apobeii TpeTbero u uer-

5x4+7§x37+4x2+2x+4 I
(2x—1Xx+1)2(x2+2x+ij -

TTIPUMEP 1. Paznoxuts Apobb

NpoCcTeHIMX Apobei.
PEHIIEHHE. [1peacraBum apobb B BHAE CyMMbI NpocTeiiux apobeii:
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Sx* 480 +4x’ +2x+4 __ 9 b € 4 dx+e '
Qr-Dx+1f(?+2x+2) 2x-1 x+1 (x+1)* x> +2x+2
Jnsa HaxoxaeHus k03¢ HULUHEHTOB d M € JOCTATOYHO YMHOXHTD Mpa-
BYIO H NIEBYIO YaCTH PAaBEHCTBA HA X  + 2X + 2 M NOJACTABHTE
x==1+i:d(-1+i)+e=-2+2i>d=2,e=0.
KoadpduumeHT a MoKHO onpesesuThb, €CIH YMHOXKHTb PAaBEHCTBO Ha

1
(2x - 1), a 3aTeM NOJACTaBHTb X = 5 — a =1. Ecnu yMHOXHTb paBeH-

2 o
CTBO Ha (x + 1) u noxctasuth X = —1 — ¢ = —1. [Nocneanuii ko3d-
¢uument b nonyuum, noacrasus B paseHcteo x =0 . Toraa
—2=-a+b+c u b=0.HcxoaHas gpobb HMeeT pa3NIOKEHHE:

5x' +8x’ +4x’ +2x+4 1 1 2x
Y. (2 =3 T Ta Tt :

(2x—1)(x+1) (x +2x+2) 2x -1 (x+1)° x" +2x+2
I1.4. UnaTerpupoBanne npocreiilunx apobei
Hurerprposanune npocreiiux ApobGeit nepBoro 1 BTOPOro THNOB NPo-
H3BOJMTCS C MOMOLIBIO IHHEHHO#H 3aMeHbl B popMynax 3), 4) Tabnuiel

nepsooOpasnbix. [ nHTErpupoBanus apobeii TpeTbero THna Heobxo-
JUMO BLIAEIHTD B YHCJIHTENE NPOU3BOAHYIO 3HAMEHATENA:

J-sz:;li _ “I AQ2x + b) ZB — Ab I dx
C

xX +bx+c

+C.

x?2 +bx+c 2
2x+b

B-4b arctg
Yac - b Jac =

HuTterpuposanue apobeii yeTBepTOro TMNa NPOHCXOAHT C MOMOIIBIO

= gln(x2 +bx+ c)+

pexyppenTHoii Gopmynsr. [Tycts 1, = J‘ZL“ . Torna, nHrerpu-
(x*+a”)
x x’dx
pya N0 4acTam, nonyuum [, = ————— +2n J___l =
(x* +a’) (x> +a?)”

13



+9n J-(x +a )dx_ na ZJ-(

dx -
41
x2+a2T

(x +a’)" x +a )M
x
:(—2——2—)" +2nl, —2na’l . Bulpaxas 3uauenue I, , nOTyunM:
x“+a
1 x 2n-1
In+] =

2na’ (x2 + azy

O6muii BHI APOOH HETBEPTOro THUIA CBOAUTCA K 3TOH opMynie Bhije-
JICHHEM TPOU3BOAHON KBaJIpaTHOrO TPEXWIEHAa 3HAMEHATENs B YHCIH-
TeNe U BbIiE/ICHHEM TTOJIHOTO KBaJpaTa.

IMPUMEP 2. Bei4ucauTth HHTErpan J‘————gx—
x +2x+ 2)Z

PEIHEHME. CnenaeM 3aMeHy f =x+1:

(t- l)dt d(t* +1) 1
_[ I‘—‘_z‘_lzz"“—z_”‘lz’
(2 +1f 2 (% +1) 207 +1)
I, = ——-71= +ll, = —t—* larctgt
202 +1) 271 207 +1) 2
Torna _[ xdx 1+l l arcigt =
(x? +2x+2)Z 27+ 2

x+2

1
- L retelx + 1)+ C.
Ax? +2x+2) Sareiglx+1)+

Sx* +8x® +4x? +2x+4
2x-1)x+1) (x2 +2x+ 2)
PEIIEHHE. INoapinTerpanbHas ¢pyHKLHS Obl1a yike pa3sioxkeHa B
CyMMY npoc1"eiimnx apobeii, [Toatomy

J-5x +8x* +4x? +2x+4
(2x- lXx+l) (x +2x+*)

2x+2
_-[2x—l_'[(x+l)2+J‘x2+2x+2)dx—2j‘(x+l)2+l_—

MPUMERP 3. BbIYHCAHTE HHTErpan I (

14



1 1
= 51n]2x—1|+ PR +ln(x2 + 2x+2)—2arctg(x+ D+C.

YITPAJKHEHHE (®opmyna Octporpaackoro uist BLACIEHHS PaLHoO-
HaJIBHOM YaCTH UHTErpana).
Hurerpan ot npaBHAbHOH paUHOHaNBbHOH APOOH MOXKHO MPEJCTaBHTD B
PG 4 B0 | (B
O(x) O, (x) Q,(x)
rae O(x) = Q,(x)- O, (x), a MHOrouneu
0,(x)=(x—x, Xx=x,) - (x=x,)x* +bx+c) .- (x* +b,x +C})
HMEET Te XK€ KOPHH, HO C KPaTHOCTBIO €HHHLA. MHOrouIeHsbl
P, (x), P,(x) 3apaiotcs ¢ HeonpeaeneHHbIMH KO3 GHUMEHTaMH CTere-

1 2 P
HH MEHBLICH, 4€M COOTBETCTBYIOLIHE MHOTOWIEHBI 3HAMEHATE .
Ilouck HeonpeneneHHbIX KO3GGUUHEHTOB NPOUCXOAHT Nocie audde-
PEHUMPOBaHHA NpaBoii U NeBoi Yyactei GopMyIbl.
3K3AMEHAILIHOHHBIE BOITPOCBI.
1 Teopema o npeacrasnedn HauOoNbILEro obWIero AenHTENs ABYX
MHOTOWIEHOB, Pa3iioXKEeHHe paluHOHANBLHOH ApobH B CyMMYy IIBYX
npobeii.
2. Teopema o npeacTaBlCHHH PALHOHANBHOH QYHKUHH B CYMMY
npocreiuinx gpobeii.
3. IIpocreiine ¢hyHKUUH H HX HHTErpHpoBaHHWe. PexyppeHTHas
¢dopmyna Ans MHTErpHpoBaHus Apobei YeTBepTOro THMA.

dx (dopmyna Octporpaackoro),

BHIE: I

15



Jlekumus 16 . UHTErpaibl, NpHBOAALIHECS K HHTETpaiaM OT paLiHoO-

HaJIbHBLIX Apobeii
. +b
IN.1. UuterpupoBanne Buipaxkeuuii Buaa R(x,» 7 )
CBeneHHe K pauHOHaIbHOH (PyHKUHH IIPOH3BOAMTCS 3aMEHOI:
ax +b b—dt" m(ad —be)t™!
" = x= T ™ LAy
cx+d ct" —a (ct"’—a)

ITPUMEDP 1. Boluncnuts uHTerpan J = J

&
Y -1)fx+1)
J,x+l
. 3ameHa
%/x 1Xx+1)2 lx+1
3 2
=3x_+‘1'—)x=t3—+1,x+1=—3gt_’dx:_ 6t°dt .
\Jx—l -1 -1 (,3_1)2

TornaJ=_[:3dt=J.(— I + 2t+2 Jdt=

t’ -1 t—1 t°+t+1

1, t2+1+1 -1 ’x+1
=—In—m—+ farct +C,rae t=3 .
2 (e-1) v \/5 e x-1

I1.2. UuterpupoBanue auddepeHuHaibHbIX GHHOMOB
HuddepeHunanbHbiM OHHOMOM Ha3bIBAIOT BbIpAXKEHHS BHIA

x"’(a+bx")ﬂdx.

PELLIEHME. _[

r, r
1 ciyyaii: p — uenoe uncino. Tornanpu m = - u n= 2 3amena

q9, q,

X CBOJMT MHTErpai K pauHoHaibHoMY. CaenaeM 3aMeHy
1

1 1 <
z=x"9x=z" >dcx==2z" dz.Torna x”’(a+bx")pdx=
n

t= 99

=lz"(a+bz)”dz rae q——+—1—1
n n

16



r
2 cnyvaii: g —uenoe uucno. Ecnu p = —, 1o 3ameHa
s

. ' —a
t={a+bz >z= ;

K paUHOHAABHOH (PYHKUHMH OT £ .
3 cnyyaii: p +q - uenoe .Ilepenuiuem Boipaxkenue auddepeHuH-

npeobpasyer aupdepeHuHaTbHbIH GHHOM

p
a+bz
] zP*dz . Torna 3amena

anbHOro OMHOMAa B BUAE (
z

a+bz

z
o CTONIETHA pycckuii MaTemaTHk YeObiieB J0Ka3an, YUTO HUKAKHX ApY-
THX cilyyaeB HHTerpHpoBaHusa g depeHUHaTEHOrO OUHOMA HE CYIle-
ctByet. Takum o6pazom, unterpan ot audpepeHuuansHoro dSuHoma

[=3 pauHoHaNH3HpyeT HHTerpai. B cepenune neBaTHaaUATO-

+1
MOXeT GBITh BBIYHCIIEH B TPEX CIIyyasX: OOHO M3 4yHcel p, WIH
m+1
+ p uenoe.
n
3/ 4
+
[TPUMERP 2. BbIYHCAHTD HHTETpan I -—I—J_I{ dx
x
1 1 1 +1
PEILIEHHE. p = ~, n=—, m = ——_ [lockonbKy mr = 2,570
3 4 2 n

BTOpO#i CiTyyait HHTErpHPYEMOCTH: 2 = ‘{[; >x=z' 5dx=42dz.

Torna IJ‘ IF\E dx=4 Iz% (1+z Mz . Cnenaem 3ameHy
x
I.J__M dx =

t=3+z)>z=-15dz=3%dt u

—12]’: —1)dt-12[——£]=72\;1+§/' -33J1+4J' +C.

17



I1.3. WuTerpupoBanue Boipaxennii Buna R(x,yax’ +bx +¢)
MPUMEP 3. JokasaTh, 4to
2

_[x/x +atde == \/x +a +92—1n1x+\/x +a h+C.

PELLHEHHUE. CnenaeM 3aMeHy x =g-sht > = ln[
a

Torna Vx> +a’ =a-cht w dx = a-chtdt . Muterpan pasen:

. 2 2
[Vx* +a’dx=a’ [ch’rdr = < j(l +ch2t)dt = 5’~ (t +—1—sh21) =

2 2 ’
—22-(1+sht 1+sh2) ‘j_[ XX +a "4 J

2
=%\/x2 +a’ +%1n}x+ Jx? +a2l+C.
[TPUMEP 4. Jlokazats, uto j i ln{x +Jx g 1+ C.

x+\Jx -a ]
a

Torna \/xz —a® =asht v dx = asht , a naterpan pased
ashidt _ lnkx+ Jx2 —a?|+C.

-[ ,[ -[ asht
B o6uiem ciryuae uHTerpupoBanue Boipakenns R(x, ax® +bx +¢)
TIPOH3BOAMTCH C TIOMOLIBIO MOACTAHOBOK Jiiepa.

1 noacraoeka ( @>0) : Vax’ +bx+c—t—\[—x X= t,_c
2\at+b’

r——_ax2+bx+c \/—t +bt+c\/_ =2 Jar? +bt+c\/—dt.
2\at +b (2ft+b)

18
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2+/ct -
2 nopcranoska (c>0) : Nax? +bx+c =xt ++fc, x =————
a-t*
2
j ct® —bt+ayc ct° —bt+a
»\jax2+bx+c=\/— 5 ‘/_udx=2\/- “/— dt
a-—-t (a t )Z
Ecnu xBagpaTHbIi TpeXwieH HMeET pas/IHYHbIe AEHCTBHTEIIbHbIE KOP-
nu: ax’ + bx + ¢ = a(x — A)(x — /), TO PaMOHANTM3AIIHMS MHTErpana
NPOH3OHAET C MOMOLUBIO ClieAyIOLICH 3aMeHbl.

: A’ -a
3 noacraHoOBKa: \/ax2 +bx+c=t(x-A), x= _T'_#""
t

e vhrre = BRI  2alum A

t"-a (t2 —a)
ITPUMEP 5. Bbiuucnurb HHTErpan J'\/a2 -x’dx.

PEIHEHHE. Bocnonb3yemcs TpeTbeit NoAcTaHOBKOH Jinepa:

-1 datdt
Va? - x? =ta-x).Tornax = aT dx =

+1 (,m)z "
Jat -7 = 24

tdr
=8a’(J, —J,) .Cornacto pekyppexTHO# (opmyne ( nekumu 15),

t +1)3

t 3 t 1
s J, nmeem: J; = ——=+=J, n J, = ———-+ —arcigt .
ey 4 Ty 27
Torna
8a2(J, —J,)=2a%| J, - — +arctgt |-
' : (t’+l)2 ’2 1 (e +l)z
\Ia -x’ _la+x
INoncrasnss BMecTO £ = , noJy-
a-x

19



+ C . B rabnuuy

unm |Na® —=x’dx = 2\/a -x? +a’arctg
a—

MHTErpaJIoB 3Ta GopMyJia nonajgaer B JpyroM BHAE:
2

'Na —-x%dx = \/a -x +%arcsmx+C

a
H 3TO CBA3AHO C TOXIAECTBOM Ha HHTEpPBAJIE (—' a,a )3

a+x . X 7
2arctg = arcsin —+ —.
a-x a 2

1.4 . UnrerpupoBaHue BoipaxeHuii Buaa R(sin 2x, cos2x)
HHTerpan npuBOAUTCS K PaLHOHAIBHOMY TOCIIE 3aMeHBI ¢ = IgX , No-

a+x
X

CKOJILKY Sin2x = 2 cos2x = - __d
1+ 1+12 1+¢£°
dx
ITPUMEP 6. Boiuucnutb HHTETpan .[———
sin xcos x
PEHIEHHE. Cnenaem zameHy f = 1gx .
dx dt
Torma | ————— = |— =Inltf|=Ingex| +C .
-[smxcosx -[t “ [ng

YIIPAXXHEHHE: UHrerpan I——M , rae P(x) - MHorounex
Nax? +bx +c¢

CTCNECHH 77 , MOXKHO HAXOAHUTH B BUIE

P(x)dx W 2 dx__ -
'[Vax +bx+c =QU)var +hrr e '[w/ax2+bx+c’

rae (J(x)— MHorouneH crenedd n—1 ¢ HeonpeaeaeHHbLIMH K03 DH-

uveHTamu, A napametp (popmyna Ocrporpaackoro).
OK3AMEHALIMOHHELIE BOITPOCHI.

ax+b
1. HHterpupoBaHnue Boipaxenuii suga R(x, '"1’
cx+d

2. HnrerpupoBanue nuddepeHuHanbHbIX GHHOMOB.

3. Unrerpuposanne Buipaxkennii una R(x,~ax’ + bx +c) . Moxcra-
HOBKH Jiinepa.

), npumep.
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Jlexums 17. UHterpan Pumana
I1.1. TloHusTHe HHTerpana Pumana
OI1P. Ha orpeske [a;b] pacniosiokeHBI TOUKH X, = d, X;, X;,...,. X, =b.

[CoBopAT, YTO OHH 3apaloT pa3bHeHHe T = {xo » X, ,...,x"} orpeska [a;b]

¢ napamerpoM |t| = max Ax, , rae Ax, =X, =X,
OIIP. Jlns mo6oro nabopa & = {£,,&,,....¢, }rouek &, € [x,(_l;x,(] BbI-

paxenue S, (f,&) = Z f(&,)Ax, Ha3piBaeTCA HHTErpaIbHOW CYMMOH
k=l

OI1P. Hurerpanom Pumana dyHkunu y = f(x) Ha oTpeske [a;b] Ha-
3bIBAIOT YHCIIO, PABHOE

J = aIf(x)dx = lim S, (f.£).

Te. Ve>0 35 =3, :V1,|r]<d u V& IS.(f,6)-J|<e.

®OyHKUMA, A9 KOTOPOH cyLIecTByeT HHTerpan PuMaHa, Ha3biBaeTcs
uHTerpupyemoil. CyiecTBytoT ¢pyHKUHH, HE HMEIOLIHE HHTETpaia, Ha-
LxeQ
nipuMep, Ha OTpe3Ke [O,l](byuxuml f(x)= He UMeeT HH-
0,xeR/Q

Terpana, NockosbKy cymectByoT &' u &” ¢ Kak yrofHO MaibiM
suauenmem |At], ans kotopeix S, (f,&EN=1n S, (f,E")=0.
TEOPEMA 1(Heo6x0aHMOe yCnOBHE CYLIECTBOBAHHUS HHTErpana).

b
Ecnu cywecrsyer unterpan Pumana J = I f(x)dx , To dyHkuns

a
y = f(x) orpaHu4eHa Ha oTpe3Ke [a;b].
JAOK. H3 ycnoBuHs cyluecTBOBaHHA HHTErpajia cieayeT OrpaHHYeHHOCTb
MHTErpalbHbIX cyMM Pumana: 3 M :[ST f ,f)l< M pns moGeix pas-
6ueHuni T c 0OCTaTO4YHO MAlbiM ,rﬂ 1 MobbiM & . DUKCHpyeM OHO U3
Takux pasbuenuii 7. Ilyctb pyHkums y = f(x) He orpaHHueHa Ha

[a;b]. Torna oHa He orpaHH4€eHa XOTA Gbl Ha OIHOM M3 OTPE3KOB pas-
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OueHusa 7', HaNpHUMeEp, Ha [a; X, ] H3MeHsq TONBKO &, MOJKHO JOOHTB-
cAl KaK YroaHo 60/IbLIHX 3HAYEHHI HHTErpaJIbHbIX CYyMM:

S.(£,6)=FE0mn + €A%,

OIIP. Paz6uenue otpeska 7' = {x(] ,X, ,...,x:,} Ha3bLIBAETCS NOCEAYIO-

II{MM 110 OTHOLIEHHIO K T = {xo,xl yeres Xy } , obo3HaueHne 7 < 7', ecau

TOYKH pa3bueHUs T COAEPKATCS B MHOXKECTBE TOUEK pasOHeHHs T’ .
Cnenyroimnue 1Ba yTBEpXXACHHA NOATOTOBAT K J0Ka3aTesIbCTBY AOCTa-
TOYHOrO YCIOBHSA HHTErPUPYEMOCTH DYHKLMH.

JJEMMA 1. Ecnu 7 pasfuenue oTpeska [a;b], s koToporo |t} <&,
TO LI moboro nocieayroumero pa3éueHns 7':

1S, (/)=S0 (8)b-a).
JOK. Bribepem mo6oii oTpesok [x,‘_l;x,‘ ]pa36ueum 7 . B pa3buennu
7' Ha 3TOM OTpe3Ke MOTYT MOABUTHCS HOBbIE TOUKH
Xp_q >Xyoy 253 X4y m M HOBBE & 1,8, 5,8, , . Torna

Oy = if(fk,j)Axk,j - f(&)Ax, =2m:(f(§k,j —f(fk))Axk,j H
J=l j=l

m

o< 2Af G- S Efbx,, S0 (8)hx, .
OKOH‘l;TeJILHO

'Sr’(f)_Sr(f)’=AZi:o-k Silaklsiwf(5)mk ——a)/(d)(b—a).

JIEMMA 2. Jinis aByX NpoM3BOJIbHBIX pa3bHennii 7' u 7" otpeska
[a;b], IJ1S KOTOPBIX iz"l <dwu jr", <0, cpaBeUIMBa OLIEHKA

[Se () =S (/) S 20,(5)b-a).
JOK. PaccMoTpuM pa3bueHHe 7 , B KOTOPOM Y4acTBYIOT BCE TOUKH U3
pa3buenus ' u 7" .Torna 7'<7, 7" <T n H<5. ITo nemme 1
1S:(N) =S (N)3[S. (N =S, (NS, ()-S5 (N <20, ©6)b-a) .

HurepecHo Takxke ceCTBHE U3 JOKa3aHHOH OLEHKH, NMOTyYyaeMoe npe-
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JENbHBIM NMEPEXOOM NPH [AT"—) 0:

aff(x)dx—S,(f>(Sw,(5)(b—a)

s mroboro 7 : [r[ <6 umoboro £. Cnenyowmas TeopemMa BbIpaxaer

JIOCTaTOYHOE YCJIOBHE HHTErPUPYEMOCTH.

TEOPEMA 2. Beakas ¢yHkuUMsA, HenpepbIBHAA Ha OTPe3Ke [a;b], UH-

Terpupyema Ha [a;b].

JOK. Ucnoneays kputepHit Koiun nocTaToyHO N0Ka3aTh, YTO

Ve>038=6,:Vr' "< d)|c"| <6 > |S,.()-S-(Nl<s.

JlelcTBUTENBHO, U3 YCIOBHA HEMPEpLIBHOCTH QyHkuuu y = f(x) cre-
£

Ryer, 4To cywecTByeT &, >0, ans koroporo @,(6) < ————.
2(b—a)

Torna, ¢ yuetom nemmsi 2, V7', 7" :|r'| < 5,|1'"l <o

IS, (N -5-(N<20,)b-a)<e.
I1.2. CeoiicTBa onpeaeneHHOro HHTerpala
1. JIuHEHHOCTD.

Ecnu dyukunu y = f(x), y = g(x) unrerpupyemsi Ha oTpe3ke [a;b],

1o [(f(x)+g(Mx= [f(x)dx+ [g(x)dx n

b b
Ilif(x)dx = kIf(X)dx s moboro k€ R.

2. UurerpupoBaHue HEPABEHCTB.
Ecnu dynkunu y = f(x), y = g(Xx) MHTerpupyeMsl Ha OTpe3Ke [a; b]

n f(x)<g(x), Vxe [a;b], TO I f(x)dx < Ig(x)dx .

HeiicreurensHo, VT — S (f) < S, (g) v 3HaKk HepaBeHCTBa He MeHS-
€TCA Mnoclie NpeaeibHoro nepexoaa. Ecnu HeotpHuaTensHas Henpepbis-
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Hag GyHKLUA XOTs Obl B O1HOH TOUKE OTpE3Ka MOJIOKHTENLHA, TO

l]f(x)dx>0.

3. OueHka onpeeNIeHHOro HHTerpaa.

Ecin m= i?f_;]f(x)u M = sup f(x),T0

xelab
b
m(b-a) < j f(x)dx<M(p-a).
HeiictBurensHo, g(x)=m< f(x), Vxe [a;b] M 1o cBoiicTey 1 —

b b
mb-a)= jmdx < jf(x)dx AHanoruuto, f(x)< g(x)=M,Vxe [a;b]

b b
M no ceoiictBy | - Jf(x)dx < Ide =M((b-a).

4. Teopema o cpejiHeM /11 HHTErpana.
Ecnun ¢dynkuua y = f(x) HenpepbiBHa Ha OTpe3ke [a;b], TO CyILECT-

BYET C € [a;b], 11 KOTOpOro J Sf(x)dx= f(c)(b—a).

1 b
JeiicTeuTenbHO, no cBoiicTey B b-— I f(x)dx e [m;M ], HO 110 Teo-
-a

a

peme 06 o6acTH 3HaueHnH HenpepbIBHOH dyHkunn £, = [m,M ], T.€.
(GYHKUMA IPHHHUMAET BCe 3Ha4YEHHs Ha OTpe3Ke [m;M ]B TOM YHC/IE H

1 b
YHCIIO x)dx.
— ajf( )
5. Ouenka a1 MOJy/1si MHTETpana.

Ecnu unrerpupyems! oyHkuun y = f(x)uy =] f (x)l Ha OTpe3ke [a;b],

TO

[f(xyax

b
< ﬂ S (x)ldx . leficTauTensHo, Ha otpeske [a;b]cnpa-
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BeLTHBO HepasencTo —| f(x) < f(x) Sl f (x)l Toraa no ceoiictay 1

= [lf ok < [f)de < [ f (ol

6. AIIMTHBHOCTb MHTETpaJia MO0 MHOXKECTBY.

Ecnu ¢yHkumns y = f(x) uHTerppyema Ha oTpe3kax [a;c] u [c;b], TO
OHa MHTErpupyeMa Ha HX o0beJUHEHUH [a;b] = [a;c]u [c;b].
HefictButensHo, moboe pazbuenne T :1r[< J ortpeska [a;b] nopoxja-
et pasbuenns 7',7" )7’} < 5,[1'}[<5 OTpe3KOB [a;c] " [c;b]coomer—
CTBEHHO C 100aBJIEHHON K HUM TOYKOM C .

Torpa S,(f)=S,.(f)+S..(f) u, nepexons k npexneny npu ﬂ‘r!—) 0,

nonyaum [ £ (x)dx = j f(x)dx + [f(x)ex.

I1.3. UHTErpHpoBaHHe pa3pbiBHbIX PyHKLHH

h(a),x=a, .
JIEMMA 3. Eciin pynkumns h(x)=40,x € (a;b), TO Jh(x)dx =0.
h(b),x=b. °

HOK. JTio6as uurerpanshas cymma S, (), cooTBetcTByrouas pasGue-
Huio 7, umeet Bun S, (h) = h(&,)Ax, + (&, )Ax,_,, rae

h(a), &, = h(b), &, , =b
h(fo)={ (()a)fiaa . h(§"_1)={ (() ); "

[Mostomy lAli{'n0 S, (h)=0.

JIEMMA 4. Tycte dpynkuus y = f(x) HenpepbiBHA Ha OTpe3ke [a;b],
dyukumus y = f,(x) onpenenena nua [a;b] u coBnagaerc f(x) ua uH-

Tepsasie (a;b). Toraa I f(x)dx = I Ji(x)dx .
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JOK. ®ynkuua h(x) = f,(x)— f(x) yroBaeTBopseT ycJIOBHIO JEMMBI |
u f,(x) = f(x)+ h(x). Toraa no ceoiicry | cneayer yrBepxaeHue

JIEMMBL.
OIIP. ®yHkuua y = f(x)Ha3bIBae€TCA KYCOUHO — HEMPEPLIBHOM HA OT-

pe3ke [a;b], €CJIH CYLIECTBYET pa3bueHHe 7 = {xo,xI ,...,xn} oTpe3ka
[a;b] , IJis KOTOPOro (PyHKIMS HENpepbiBHA HAa KKAOM HHTEpBae

(xk ;x,H,) H HMEET pa3pbiBbl EPBOro poAa B TOUYKAX X, .

TEOPEMA 3. Beskas KycouHO-HenpepbiBHas (hyHKLIUSA Ha OTpe3Ke

[a; b] MHTErpupyema.

JOK. [Mo nemme 2 GhyHKUHS HHTErpHPYEMa Ha KXKIAOM OTpE3Ke

[xk 3 X4 ] HnterpupyemocTs pyHKLHH Ha [a;b] cieayer u3 cBoicTBa 6

M KOHEUHOCTH YHMCJ1a TOUYEK pa3pbiBa.
TEOPEMA 4. Eciu dyskuns y = f(x) 20 kycouHo- HenpepbiBHa Ha

b
OTpe3ke [a;b] n I f(x)dx=0,10 f(x)+# 0B KOHEHUHOM YHCAE TOHEK.
JIOK. Ecn f(£)>0 maa £ € (x,3%,,,),10 [/(x)dx>0n
_[ f(x)dx = Z _[ S (x)dx >0, nockonbky X0Ts Gbl OMHO U3 3THX Cha-
J=1 x,
raeMbIX MOJIOXKHTE/IbHO, 4 APYTHE HEOTpHLATENbHLL. Takum o6pa3zom,

f(x)=0,xe (xk ;xm).

3K3AMEHALIMOHHBLIE BOITPOCHBI.

1. IMonsTue unrerpana Pumana. Heobxoaumoe ycnoBue HHTErpUpye-
MOCTH Ha OTpe3Ke.

2. ocTaro4Hoe ycJIOBHE HHTETPUPYEMOCTH Ha OTpe3Ke (IEMMBI).

3. CoiicTBa TMHEHHOCTH HHTETPaa, HHTErPHPOBAHHE HEPAaBEHCTRA .
4. OueHka 3Ha4eHns HHTerpana Pumana, teopeMa o cpeiHeM Ui HHTe-
rpana.

5. OueHka MoIy/s HHTerpana, CBOHCTBO aJJIMTHBHOCTH HHTerpana no
MHOXECTBY.

6. UHTerpupoBaHue pa3pbiBHBIX (yHKLHH.
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Jlekums 18 . BeluncneHHe onpeaeneHHOro HHTerpana
I[1.1. UnTerpan kak ¢yHKUHS BepXHEro npejena
Iycts f(x) HenpepbiBHas GYHKUMS Ha OTpe3Ke [a;b]. PaccMoTpum

oyHkumio F(x) = I f(t)dt , onpenenennyio Ha oTpeske [a;b]. B cuny

ouenkn |F(x') - F(x")|=

j fOdl < sup ]{ f@)]-(x"-x) , dyuxuns
M xelah

F(x) HenpepwiBHa Ha OTpe3Ke.

TEOPEMA 1. IlpousBoaHas HHTerpajia no BEpXHEMy Mpeaeay paBHa
3HAYEHHIO NOJABIHTErpaIbHOM PYHKLMH.

JIOK. BoruncninM npoussoanyio ¢pyskunn F(x) B Touke ¢ € (a;b).
Jng 3TOro npeAcTaBUM ee NpUpaLICHHE B BUAE:

F(x)-F(c)= f(c)(x-c)+ I(f(t)—f(c))dt=f(c)(x—c)+¢(x,c)-(x—c),

rae ¢(x,c) = ‘xl—c I( f(@®)— f(c))dt . Torna us Teopemb! 0 cpeaHeM

I8 MHTErpajia M HenpepoiBHOCTH QYHKUMH [ (X) cnenyer, 4To
limep(x,c) = lim(f(i’ )-f (c))= 0,roe X € (c;x). Takum oGpasom,
XC X—C

oyHkuua F(x) = I f(t)dt nuddepeHunpyema B Touke X =C H ee

npons;iouﬂaa paBHa f(c).Ecmn c¢=a wwm ¢ =b, 10 obecneunsaercs
NPaBOCTOPOHHAS WK JEBOCTOPOHHAS npoussoaHas Gyrkumu F(x).
CJIEACTBME. Ecnu ¢pyHkums f(x)KycO4HO — HenmpepbiBHA Ha [a;b],
1o F(X) nMeeT npousBoaHyio paBHyto f(X) B TOUKaX HENMPEPHIBHOCTH,
a Toukax paspbiBa X, ¢yHkuus F'(X) npou3BoaHON He HMEET, HO Oc-
TaeTCA HeNpPepBIBHOH ( pa3peiB NPOU3BOAHON NEPBOro poaa).
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IMycts f(x) kycouHo — HenpepbiBHAs QYHKUHA HA [a;b]. Jlroban
HempepbIBHAS Ha [a;b] ¢yHkuns G(x) HasbiBaeTcs NepBOOOPa3HOi
dynxkumn f(x), ecnu B Toukax ee HenpepbiBHoct G'(x) = f(x).
Ecnn G,(x) u G,(x) nse neprooGpazusie pyHkuun f(x), To
G,(x) —G,(x) = C Ha KKIOM MHTEepBajie HENPEPLIBHOCTH QYHKLMH
f(x) . B cuny nenpepoisHoctd dynkumii G,(x) u G,(x) koHcranTa
C coxpaHseTcs ef1HOI Ha Bcex HHTepBanax, T.€. G, (x) =G, (x)+C.
CornacHo TeopeMe 1 pyukuus F'(x) snsercs nepoobpasHoit QpyHk-
umn f(X) naxe, eciiv OHa KYCOUHO - HETpepbiBHa.

TEOPEMA 2 (¢popmyna Hetotona-Jleitbuuua). I[ycts f(x) kycouno —
HeripephiBHas (PyHKLHA Ha [a;b] 1 G(x) niobas ee neppoobpasHas.

b
Torna [f(x)dx=G(b)-G(a).

JOK. ®dyukuua F(x) = I f()dt =G(x)+C . Moncraenss x =a, no-

ayunM 0=G(a)+C, te. C =-G(a). Toacraenss x =b, noayuum

b
a-

[f(x)dx =G (B)-G(@)=G(x)

I1.2. MuterpHpoBaHHe Mo YacTAM B ONpeeIEHHOM HHTerpane
TEOPEMA 3 (¢opMy1a HHTErpHpOBaHHA MO YacTsM).
Ecmu u(x), v(x) KycouHo-rnamkse (HMeroime KyCoO4HO-HENpephIBHYIO

MPOM3BOAHYIO) (PYHKLIMH Ha OTpe3Ke [a;b], TO
b

J'u(x)v'(x)dx =u(x)- v(sz - I]'v(x)u'(x)dx i

JOK. I](uv' +vu')dx = l]'d(u-v) = uv{z .

28



xl2
[IPUMEP 1. Boluucnuts uurerpan J, = Isin"' xdx, m=0,12,...
0
xl2
PEILEHME.J, = [sin” xdx=

0
xl2 z/2

_ . — . - 2 H —2 2

=— Ism"' ' xd cos x = —sin” 'x-cosxig/ +(m-1) Ism'" x-cos” xdx =

9 0
xl2

=(m+1) [sin"? x-(1-sin’ x)dx =(m+1)J,,, ~(m+1)J,,.
0

m+1

T
Torma J, = J,,_,.BuactHoctn J, =? H Ui IF060ro YeTHOro

_1im /2
m=2n—J, =£2n_1)!.._7_r_.Jl___ sinxdx =1 , a ans HeyeTHOTO
S 7} TH) ;

2n !
m=2n+l—>J,, = J_n)_
(2n+1)
I1.3. 3amena nepeMeHHOI B ONPEAEICHHOM HHTErpase
b

[TycTs 3anaH uHTErpan I f(u)du HenpepsiBHO# Ha [a;b] byHKUMH

y = f(u)n dynkuus u =u(t), onpeneneHHas Ha OTpe3Ke [a;ﬂ], Hme-
€T HENPEPBIBHYIO MPOH3BOAHYIO B KaXI0i TOUKE OTpe3Ka H

u(l@)=a, u(p)=>.

TEOPEMA 4. Ecnn dynruns u = u(t) :[a; 8] [4; B] o [a;b] u
¢dyHkuns y = f (1) HenpepsiBHa Ha [A; B] , To cnipaBeuiuBa GopMmyna:

b B
[£@ydu = [F@w'@)