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o ~ o r n o p o u  111,112,. . . , ti,, . . . senswmcs  ynenauu uucnoeoii nocnedoea- 
menbnocmu {ti,}, na3blclaemcs Y U C A O ~ ~ ~ U  psdou; u,, nouep xomopozo ne 
@u~cupoean,  nasbtclaemca 0 6 q u u  unenou psda. 

~ocKoJ I~K~ '  PIIn COAepXliT 6 e c ~ o ~ e s ~ o e  MHOXeCTBO CnaraeMbIX, liX no- 
CWOBaTeJIbHbIM CnOXeHlieM Hafi~li CYMMY PRAa HCB03MOXHO. ~ O ~ T O M Y  

T ~ K ~ ~ ~ T C X  OnpCnCnliTb, YTO CYHTaTb C Y M M O ~ ~  BbIpaXe~lix 

.S] = 111, 
S2 = 111 + 212, 

.'i:i = ti1 + 112 + 113, 

. . . 
S , ,  = 111 +,u2 + . . . + u,, 

Ecnli CyrrlCCTByCT IIl)eAen nOCneAOBaTeJIbHOCTH ¶aCTliYHhIX CYMM (2), 
lim sn = s, TO pan (1) H ~ ~ ~ I B ~ ~ T C I I  C X O ~ ~ ~ . ~ M C I I ,  a s e n m m a  s ~ a s b ~ s a -  

n-m 
CO 

eTCP CYMMOG pana C u, = his, = s. Pan ~ a s b ~ s a e ~ c a  pacxonarrlliMcs, 
n= l 

ecnli nocnenosaTenbHocTb YacTxmmx CYMM pxna pacxonnTca. 
m 

Pan C uk = r k ,  YneHaMli I;oToporo P B ~ X I O T C X  sneHbI pxna (I) ,  H a m -  
n = k + l  

H ~ R  c (k  + 1)-ro, n3a~b1c B TOM me nopanse, ~ a s b ~ s a e ~ c x  ocTaTKoM pxna 
k-ro nopansa. 

Ecnrr pan pacxonliTcx, TO li ero ocTaToK nro6oro nopanKa pacxonliTca. 

Ecnli pan CXOnHTCX, TO 11 ero OCTaTOK Tk CXOnliTCX Epli n106o~ k.  B 3TOh.i 

cnysac ocTaToIi 3 a n ~ c b r n ~ c ~ c a  o nxinc r k  = s - s k  li lim r k  = 0. 
k-m 



l l p ~ ~ e p  1 .l. LIna qacnoBoro pana 

YCTaJIOBHTb CXOAHMOCTb H IIafiTH CrO CYMMY. 

npeo6pa3ye~ BbIpameHae o6ruero ¶neHa pana: 

Zlac~nvnb~e CYMMH pana s, TaKme 6 y n y ~  npeo6pa30~mb1: 

T.e. pan (3) c x o n ~ ~ c a  H cyMMa em pama enHxiHue. 

I I p a ~ e p  1.2. Mccnenosa~b Ha CXOAHMOCT~ n~cnosoti pan 



P w 

f 1 - 1 + 1 - 1 +  ... = C ( - l ) " - ' .  
n=1 1 

noc~ionb~y nnr 3~01-o pwa ~ 2 r n - l  = 1, ~ 2 ~  = o n p H  n m 6 0 ~  H a T y p a n a H o M  

m, TO I x o c n e n o B a T e n b n o c T b  { s t }  H e  a M e e T  npenena n p H  k --+ m. Cneno~a- 
TeJIbHO, H C X O ~ H M P  P B A  PBCXOAHTCX. 

B npmeneamx n p H M e p a x  n o c n e n o s a T e n b H o c T a  s ,  V a c T H s H M x  CYMM 

PSXa BhIpEUKlUIXb nOCTaTO¶HO IIPOCTO, T U  ¶TO CJ'IUeCTBOBaHBe EI Be- 

n n s a H a  npenena n l L ~  s, y c - r a n a s n H s a n H c b  H e n o c p e n c T s e H a o .  Vaue He- 

~ O C ~ ~ A C T B ~ H H ~ I ~  i lXUI I I3  IIOCJIelIOBaTeJIbHOCTH Sn H e  npt!JICTaBJIBf?TCB B03- 

i 
MOXHMM, II03TOMY OCHOBHO~~ 3 a n a q e f i  B TeOPUII  ¶HCJIOBbIX PXAOB BBJIBeTCB 

YCTaHOBneHHe CXOnKMOCTIl HJIE pXXOnHMOCTI l  pma 6 e 3  B h I ~ H C n e H I l B  en> 
CYMMM. 

w 
Teope~a 1.1 (~pumepurl Kouru). YucnoeoSi pad un czodumca mo- 

n=l  
zda u monbno mozda, ~ o a d a  dna neao eblnonruremca ycnoeue Kouru, co- 
cmoauqee e moM, umo dha nwbozo uucna E > 0 cyuqecmeyem noMep 
N = N ( E ) ,  mati-oSi, umo dna nwdozo namypanbnozo n > N u ecez 
p = 1,2,. . . uMeem Mecmo nepaeencmeo: 

3 a ~ e s a ~ ~ e .  Ecnu ycnoeue Kouu ne ebtnonruremcs, m.e. 

00 

mo pad C u, pacxodumc~. 
n= l 



T e o p e ~ a  1.2 (neo6zoduubtii n.p~~snnh- c:roduuocinu psda). - 
Ecnu pad C un cxodurnca, mo 

I I o c n e ~ ~ e e  y T n e p j t c A c H H e  nonysamca, c c n I r  n K ~ I I T C ~ H E I  KOUIH nono- 
X I f T b  p = 1. ~ ~ M ~ T E I M ,  9 T O  yC.?.ODHe 

lim u,, # O 
n-m ( 6 )  

RBJIffeTCR AOCTaT09Hhlh . I  YCnOBHehI T)aCXOAIiMOCTII 1)RAa. Y C ~ O B H ~  Xe (5) ,  
6 y A y q H  H ~ O ~ X O A I I M ~ I M  YCJIOBIICM CXOAIIMOCTEI, I lOCTaTO9HhIM YCJIOBEICM CXO- 

AIIMOCTH H e  XBnReTCR. IIYXHO IIOHHMaTb,  ZITO HPO~XOJI I IM~I~~  I I P t f 3 H a K  CXO- 

AIIMOCTH IIPHMeHRCTCR TOJIbIiO AJTR AOIia3ilTC.rlbCTBa paCXOAI.IMOCTII qHCJIO- 

noro parra. 

CBO~CTBO 1. Om6pacbteanue nm6ozo tioneunozo uucna unenou psda 
ne enuaem na ezo czoduuocmt, (no ne NU ~ y u u y ! )  

CBO~CTBO 2. Cxoduuocmb pada ne napy?uclemcs npu yunoxenuu ecez 
~ n e n o e  psda na odno u mo x e  U U C ~ O ,  omnuwoe om nyna. 

00 a3 

CBO~~CTBO 3. Ecnu padbt C un u C 21, czodamca, mo c x o d u m c ~  u pad 

~ ~ 

~ e n b 3 a .  T ~ K ,  H a n p n M e p ,  cyMh.ra A B ~ X  pacxonaumca pa no^ C 
n=l 



- 
P ~ C C M O T ~ H M  lIpH3HaKH CXOAHMOCTH PXAOB C HeOTpHnaTeJ IbHbIMH ¶JIeHa- 

MH. ~ ~ M ~ T H M ,  ¶TO, IIOCKOJIbKY BCe YJIeHbI P R A a  HeOTpHUaTeJIbHbI ,  ¶aCTHY- 

Hhre  CYMMbI p X A a  0 6 p a 3 y 1 o ~  B O 3 p a C T a I O ~ I o  ( H ~ ~ ~ ~ I B ~ I O I U ~ I ~ )  ¶HCJIOByIo 

IIOCJIeAOBaTeJIbHOCTb 

BO~MOXHM A B a  CJIy¶a.X. 

1. ~ O C J I ~ A O B ~ T ~ J I ~ H O C T ~  ¶aCTH¶HbIX CYMM H e  O r p a H H ¶ e H a .  B 3TOM C W -  

Y a e  Jik&Sn = 00 H, CJIeAOBaTeJIbHO, PXXOAHTCX. 

2. ~ O C J I ~ A O B ~ T ~ J I ~ H O C T ~  Y a C T H W b I X  CYMM O r p a J i k F I e H a ,  T.e. 3C, TaKOe ,  

YTU S, < C IIPH n1o60~ 3 ~ a q e ~ n n  n. B  TOM cnysae, c o r n X H o  T e o p e M e  o 
ITpeAeJIe MOHOTOHHOG o ~ P ~ H H ¶ ~ H H &  IIOCJIeAOBaTeJIbHOCTH, IIOCJleAOBaTeJIb- 

HOCTb SaCTHYHhIX CYMM S, a, CJIeAOBaTeJIbHO, p X A  CXOAXTCX. 

T ~ K H M  0 6 p a 3 0 ~ ,  I I p H  AOKa3aTeJIbCTBe CXOAHMOCTH P X A a  C H e O T p H u a -  

TeJIbHhIMH YJIeHiLMH AOCTaTOYHO YCTaHOBHTb OrPaHH¶eEIHOCTb IIOCJIeAOBa- 

TeJIbHOCTH eM) ¶aCTH¶HbIX CYMM. 

nepsb~ii npki3irax cpaaaeirkiff. f7ycmb danbz dea pada c neompuqa- 
meAbHblMU VAeHaMU: 

u 

npuvea 

1 Toeda, e a u  czodumca pad (V), mo czodumca u pad (U); ecnu x e  paczo- 
6 

dumca pad (U), mo paczodumca u pad (V). 
 TOT IIPH3HaEL OCTaeTCX B CHIIe, e C n H  HepaBeHCTBO (8) BbIlIOJIHReTCX H e  

AJlR BCeX n ,  a JIHIIlb HaYHHaR C HeKOTOpOrO H O M e p a  N .  



B~opoi i  n p n 3 ~ a ~  cpaBaeHnx. Ecnu cywecmeyem xoneunbrii u om- 
U n  

00 00 

nuvnbrri om Myna npeden Jim, --, mo 06a ,pads 1 un u x v,, evecme 
"Jn n=l n= l 

cxodrrmcrr unu evecme pacxodrrmcrr. 

npH HCCneAOBaHHH CXOAHMOCTH PXAa C IIOMOIUhIO TeOpeM CpaBHeHIlX 
cnenyeT BarpameRae o61uero sneHa pxna cpaBHHTa c 0 6 ~ ~  sneHoM pxna 
CpaBHeHEX. %.IIle BCerO B Ka¶eCTBe PXAOIl CpaBHeHHX HCIIOnb3yIOT ROMe- 

m 00 1 

n p ~ ~ e p  2.1. llccnenye~ pxn 

06mifi sneH pxna 

IIOACT~BHB ( 9 )  B Barpameme nna sn, nonysHM: 

= h ( n +  I ) ,  

lim sn = lim h(.n + 1)  = oo. 
n-a, n - w  

Cneno~a~enbno, uccnenye~arl pan pacxonn-rca. 

l l p ~ ~ e p  2.2. Ilonysemarl B npmepe 2.1 pe3ynb~a-r ~ c n o n b 3 y e ~  nna 
AOKa3aTenbCTBa PaCXOAEMOCTH rapMOHIIPeCKOM pma 

a n  
In 1 +  

h m - =  h 
n - w  

( - 1  ' )=hmnh(l+:)= n - w  



T ~ K  KaK npenen KOHeYeH M OTJIEIW?H O T  HyJIX, a pXA (U) paCXOAUTCr (npu- 
! 

Mep 2.1), TO M pan (V) ( r a p ~ o ~ n ~ e c s ~ i i  p m )  Toxe pacxonmca. 
~ ~ M ~ T H M ,  YTO PaCXOnUMOCTb raPMOHEI9eCKOM) PXna MOXHO HOKaJaTb EI 

6e3 KCIIOJTb30BUHR npK3HaKOB CpiWHeHHff. B pane (V) PaCCMOTPHM r p p -  
nM cnaraeMMx cnenymruuM 06pa30~: 

1 1 1  1 1 1  1 
- + - + -  +-+.. .+-+-+.. .+-+.. .  . g + 1 +  A 

n=l 3 4  5 8 9 -. - 16, " 
1-r rpynna 2-a rpynna 3-51 rpyma  4-ff rpyrrna 

Fpynna c HoMepoM I HamHaeTca co CnaraeMoro HoMep 11 = 2'-' + 1 EI 3a- 
I;aHrusaeTcx cnaraeMMM HoMep 12 = 2'. K o n ~ s e c ~ ~ o  cnaraeMarx B rpyme 
PaBHO 12 - E l  + 1 = 2'-I. Bce cnaraeme B rpyIme 60nbme, neM nocnenHee, 
noaToMy cnpasennma orrema nnr c y ~ ~ a r  cnaraeMMx 1-5 ~PYIIIIM: 

1 
TUHM 06pa30~, cyMMa cnaraemrx B KWO& rpynne He MeHbme - EI, cne- 

2 
nOBaTenbH0, CyMMa pma He PaBHa KOHe¶HOMy YHCny, T.e. ~ ~ P M O H H Y ~ C K I &  
p4lS PaCXOnHTCff. 

n p a ~ e p  2.3. Ilcnonbsye~ r a p ~ o ~ s r e c ~ n i i  pxn 

B KaqecTBe p m a  cpasrream npH Hccnenosamn CXO~HMOCTH prna 
m 1 C un = C sin -. 

n= l n=l  n 

Hai ine~ npenen 

1 
21, . sin - sin x 

lim - = hm -2 = lim - - 
n-w 

- 1 
"'00 - 1 r-O 2 

1 
( n o n c ~ a ~ o s ~ a  - = I ,  x O npn n +, 00). Ha OCHOB~LZIH~ B T O P O ~  TeopeMH 

n 
CpaBHeHEla p a  (U) PaCXOnHTCff BMeCTe C pWIOM (V). 



l l p a ~ e p  2.4. Mccnenosa~b c x o n n ~ o c ~ b  p w a  

n o c ~ o n b ~ y  O _< qn cos2 n4 _< qn, Ha ocHosaHtici nepBoro npci~~arta cpasae- 
HER MOXHO YTBepXUaTb, 9 T O  ki~~ne.UyehlbI6 pan CX0,UHTCff. MOXHO CKa3aTb 
HHase: Sf~~nellyehlbI6 pan CXOAciTCa, TaK KaK OH HMeeT CXOAffUQ'IOCff MBXO- 
paxi~y, ~ o ~ o p o i i  asnaeTca r e o ~ e ~ p n s e c ~ ~  pan (U).  

l l p u ~ e p  2.5. Mccnenosa~b c x o n n ~ o c ~ b  pana 

n n 1 
(2n: n. O s e s m ~ o ,  s r o  - 0 6 ~ ~ 1 1 f i  ~ n e ~  pana ~n = - < - = -.no- 

2n + 1 2n 2 

rmMy (L) < ( f )  ". Pan (i) - CXOAIIWRCI r e o ~ e ~ p ~ s e c ~ ~ f i  - 
2n + 1 n= 1 

asnaeTca ~ a x o p a ~ ~ o l  KccnenyeMoro pana. Cnenosa~enb~o, ~ c c n e n y e ~ n t  
pan c x o n ~ ~ c a .  

l l p u ~ e p  2.6. Hccnenosa~b c x o n ~ ~ o c ~ b  p w a  

B cnny  om, ¶TO Vx > 0 3 ln x < z, nonynaeM: 

1 P ~ E - -  p a c x o n ~ c n  r a p ~ o ~ ~ s e c ~ n i i ,  CnenosaTenbHo, no nep- 
n=l n + 1 

BoMY npn3HaKY CPaBHeHHff, H C C J I ~ ~ ~ ~ M M H  - pacxonsxwbca. 

l l p a ~ e p  2.7. Hccnenosa~b cxonmoc~b p w a  

1 1 - 1 1 +-+- ~ m r n  +...+ Jm+... = 



/ B KasecTse pana cpmaeam sb16eper.f r a p ~ o ~ a s e c ~ a i i  pan 
i 

Haiine~ npenen 

un . 1 n lim - = hm 
n-m 

~n 
n-+OO d m  - - =  1 1im ,/x=l. n + 1 

Cnenosa~enb~o, no BTOPOMY I I P H ~ H ~ J ~ Y  CpaBHeHna, accnenye~h~ii pan pac- 
XOAEITCS. 

Haxe npasenem @op~ynapos~a  n p m ~ a ~ o s  CXO~MMOCTE p m o ~  c Heo- 
TPMUaTenbHbIMH 9JIeHaMH. 

00 

n p H 3 ~ a ~  & ~ I a ~ 6 e p a .  Ecnu dns psda C u, c neompuqamenbnbrMu 
n=l 

%+I unenaMu cywecme yem npeden !ill& - = q, mo smom pad czodumca 
un 

npu 0 < q < 1 u paczodumca npu q > 1. Cnysaii q = 1 ~ p e 6 y e ~  nononm- 
TenbHOrO HCCnf2IOBaHHa. 

n p ~ i  q = 1 B O ~ M O X H ~ I  pa3namne cnysau. T ~ K ,  r a p ~ o ~ a s e c ~ &  pan 
00 1 00 1 

00 

n p a 3 ~ a ~  KOIUH. Ecnu dns psda C un c neompuqamenbnbrMu w e -  
n=l 

nauu cyyecmeyem npeden ,,liLi 6 = q, mo smom psd czodumcs npu 
0 5 q < 1 u paczodumca npu q > 1.  Cnysaii q = 1 ~ p e 6 y e ~  nononmenb- 
ROrO MCCJIenOBaHHB. 

'Eepuan. T. H. CQpnn~ aanav no rypcy ramua=nvecroro ananma. M.: Hayra, 1981, i971 



MHmrpanbabzii I I ~ H ~ H ~ K  K o r u ~ .  Ecnu f(z) npu x > 1 -- xenpe- 
pblaxaa, neompuyamenbnaa u htoxomoxxo y 6 b l s a w ~ a a  $ y x ~ y w r ,  mo pad 

00 

c neompuqamenbnbthtu vnexahtu C u,,  zde u ,  = f ( n ) ,  cxodumca unu pac- 
n=l  

xodumca odxoapehtenxo c xeco6cmaennatu unmezpanoht 

n p ~ ~ e p  3.1. kiccneno~a~b Ha cxonn~oc~a  prrn Jlnpnxne 

llpn p < 0 He BMnonErreTcrr ~ e o 6 x o n n ~ ~ 1  n p m ~ a ~  CXO~HMOCTH ( ~ e o p e ~ a  
1.2, II. I), CneAOBaTenbHO, pXA PaCXOnHTCX. PXCMOTPHM P > 0. %eHId pR- 

1 
na (*) nBJIXIOTCn 3Ha¶eHHIlMH @YHKUHH f (2) = - B TO¶KaX X = n.  QYHK- 

xp 
4na f (z) HeoTpHnaTenaHa n MOHOTOHHO y 6 h l ~ a e ~  npn x > 1. l l o s ~ o ~ y  p w  

"dz 
(*) cxonarcrr nnn pacxonarerr sMecre c H ~ C O ~ C T B ~ H H M M  HHrerpanoM / - , xp' 

"dz dz N 
/ - = l i m  /-= lim lnlxll = lim l n N - l n l = m .  

2 N-m1 x N-oo 1 N-w 



O 6 w i i  n n e ~  prna: u, = n (k) un+, = (,+I) (t).. Bnmcnrac n p w n  

%+I lim - - - lim 
+ ( ) n  1 n + 1  1 

n-w 3 n-w 
- - < I .  n-l = - lim - - u, "-O0 n 3 

L[nn TaKoro prna nMeeM: 

un+ 1 n + l  2" n + l  1 1 - bm - . -= -  - lim -. - - lirn - - 
n-oo Un n-w 2n+1 n-m 2 2 < l .  

%+l (n + l)"+l n! . - = lim (n + l)"(n + 1 ) .  n! - lim lirn - - - - 
n-w U, "'00 (n + l)!  nn "'00 n! - (n + 1) - nn 



II penen 
2n + 3 

lim - lim - . 
n-m " -n-m n +  1 4 = 8 > 1 ,  

T.e. H ~ C O ~ C T B ~ H H &  EH'TerpWI C X O m T C n ,  a BMeCTe C HEM CXOAHTCB H HC- 
1 

c n e n y e ~ b l i i  p a  x 7. 
n=2 n 1x1 n 

I;. # 2754 - 2783, 2785 - 2789. 

Onpenene~me. roeopm,  umo pad 
m 

C Un 
n= 1 



co 3naxonepe~tennbt~u unenaMu czodumca a6conwmn0, ecnu czodumc~ 
pad - 

E lunl. 
n= l 

(11) 

& 

T e o p e ~ a  4.1. Ecnu pad czodumcx a6conwmn0, mo on u npocmo czo- 
durnc~. 

nee cnnbaoe, 9 e M  n p o c T o  CXOAHMOCT~, T ~ K  K ~ K  CXOAEIMOCT~ pma (10) H e  

1 s n e q e ~  sa co6oJi C X O ~ H M O C T ~  pma (11). 
b 

,&Is TOI'O, Y T O ~ ~ I  OTBeTHTb  H a  BOIIPOC, CXOnHTCX PffA ~ ~ C O ~ H ~ T H O  HJIH 

HeT ,  AOCTaTOKHO EICCJIC!,llOBaTb CXOnHMOCTb pgqa C E e O T p U ~ a T e J I b H b I M E I  Y n e -  

HaMU. 

Onpaeneaxxe. 3naxouepedywu(uilca pad euda ul - u2 +us - uq + . . . = 
00 

= C ( - I ) ~ + ' U ~ ,  zde uucna uk > 0,  rWonomonno y6bteaa, cmpewmcx K 
n=l 

nynw ( u ~ + ~  < uk, uk -+ 0 npu k -+ m ) ,  na3bteaemcx p s d o ~  Jleii6nuqa. 

T e o p e ~ a  4.2. Pad Jleii6nuqa czodumca u eao cy&&a 0 < s < ul. 

Ecnn psn C X O ~ H T C R  ~ ~ ~ O ~ I O T H O ,  TO npn nm60Ji n e p e c T a a o B K e  ero 9 n e H o B  

C X O ~ U M O C T ~  psna H e  H a p y m a e T c s  n ero c y M M a  o c T a e T c s  npex~eii .  

Onpenene~xe. Pad, czodau(uiica nea6conromn0, nasbteawm ycnoeno 
czod~rqu~crr. A6conwmno czodau(uiica pad nasbteawm maxxe  6e3ycnoe- 
no C Z O ~ B U ( U M C ~ .  Tartaa T e p M a x i o n o r H s  c s s 3 a a a  c y T s e p m e m e M  T e o p e M m  

Pn~a5a .  
I 
I T e o p e ~ a  4.3 (Pwana). C ~ M M ~  pada, czodaucezoca nea6conxlrnn0, 

I &oxem 6btmb cdenana paenoii n w 6 o ~ y  npouseonbno aadanno~y uucny, 
a makxe  +m u -m, c noMou(bw nepecmanoeKu 6ec1coneuno~o uucna 1 ezo unenos. 



Llna scex x 113 o ~ p e 3 ~ a  0 _< z 5 1 HonyYeHa onema ocTaToYHoro YneHa 
1 

IRn+~(x)l < n + ~  . I I y c ~ b  z = 1, ~ o r n a  

. . 

er0 YneHOB C ( ~ ~ ~ M o H E ¶ ~ c K E ~ ~  ~ R A )  PaCXOnFiTCX, B TO BPeMR KaK HC- 
n=l  n 
" (-1)" 

x o ~ ~ b 1 6  pa4 C - - c x o n m 8 c n  ( K ~ K  pan J I ~ P ~ H H I I ~ ) ,  IIpHYeM CyMMa 
n=l  n 

ero pama In 2. C ~ O X H M  nsa cnenymrrrvrx BMpaxenHn: 

n e r ~ o  sxneTb, YTo n o c n e n ~ ~ i i  pan ConepxHT Te x e  sneaH, sTo II pan nnn i 
i ln2, HO c ~ o m m e  B npyroM nopanrce, ¶TO H npmeno K H ~ M ~ H ~ H I I I O  C Y M M ~ I  

pnna. ; 

IIpn~ep  4.2. Hccnenosa~b Ha ~ ~ C O J I I ~ T H ~ I O  c x o n ~ ~ o c ~ b  pan 

1 
B HmeM CnyYae Iun( = -. E C ~ H  p 5 0, T O  $:~Iu, # 0, II, 3HaYHT, P a  

np 
(-1)"-I 

p a c x o n ~ ~ c a .  I I ~ H  p > 0 BO~MOXHM nsa sapnarra: 
n=l  f l  

" 1 
a)  ecna p > 1, TO p a  C - CXO~HTCB (CM. npHMep 3.1), oTKyna cne- 

n=l f l  
" (-1)"-1 

n y e ~ ,  ¶TO pnn C - CXOAHTCR ~~COJIIOTHO; 
n=l nP 

" 1 
6) e c m  0 < p 5 1, T O  p a  C - PilCXOAHTCB, 3Ha¶ET H C X O ~ I E ~ I ~  

n = l %  
pnn He 6 y n e ~  cxonHTbca a6coriro~~o. ccnenyeM ero Ha ycnosHyIo cxo- 



6. # 2790 - 2799. 

5.  @ Y H K ~ B O H ~ ~ H ~ ~  PffBbI 

Onpenene~~e .  Pad euda 

w 
1 1 1 ( 2 )  + 2 1 2 ( 2 )  + U ~ ( Z )  + . . . + u,,(z)  + . . . = x u n ( z ) ,  

n=l 
(12)  

zde u n ( z )  - nexomopbre @ynxquu nepencennoti z ,  onpedenennbte na uno- 
xecmee X ,  nasbreaemca @ynquonanbnbtnc padou. 

l l p ~  KUAOM @HKCHPOB~.HHOM ~ H ~ ~ I ~ H I I H  2 = 2 0  @ Y H K ~ H O H ~ J I ~ H ~ I ~ ~  p a  
(12) CTUOBHTCB ¶HCnOBhIM PRIIOM 

2 .  

w 
U ~ ( Z O )  + U ~ ( X O )  + ~ ~ ( 2 0 )  + . . . + ~ ~ ( 2 0 )  + .. = ~ ~ ( 2 0 ) .  

n= 1 

Ecna  TOT PBA CXOAHTCB, TO 3 ~ a q e ~ n e  a p r y M e H T a  z = z 0  ~ a s ~ s a e ~ c a  
~ O U K O ~ ~  czoduuocmu @ J ' H K ~ M o H ~ J I ~ H o ~ o  p R A a  (12) ,  a COBOKJ'IIHOCTb BCeX 

TO¶eK CXOAHMOCTH H83hlBaRTCB 06nacmbw c~oduuocmu @J'HK~IHoH~JI~Ho~o 

p m a .  



Teope~a 5.1  (tcpumepuii Kouu). J x a  moeo, umo6bl $yntcyuoncmbnbril 
pad (12) czodunca e o6nacmu X, neo6zodumo u docmamouno, umo6bt d m  
VE > 0 u V2 E X momno 6bmo ytcasamb 3aeucawee om E u 2 namy- 
panbnoe uucno N = N ( E , x ) ,  maxoe, umo dna ecex n > N ( E , X )  u ecex 
p = 1 , 2 , 3 , .  . . cnpaeednueo nepaeencmeo: 

nnn cxonmerocx B O~JIXTEI X pana (12) npE p + oa n3 IIocnenHero 
HepaseHcTsa cnenyeT oueHKa ocTaTna prma: 

nna Bcex n > N(E ,Z ) ,  2 E X .  
IICHO, ¶TO $liSn(x) = S(Z) B TOM EI TOJILKO B TOM cnyuae, Korna 

Rn(z) + 0. 
0 6 n a c ~ b  CJCOnZiMOCTU pma  (12) MOXeT 6MTb EIaheHa C HCIIOJIb3OBilEH- 

eM I I ~ H ~ H ~ K O B  b ~ ' 1 a ~ 6 e p a  H Koma. Onpenenaa npenem, ecnn OHH cyme- 
CTBYIOT, 

lim ~ " n + ~ ( 2 ) ~  = 4 ( x )  nnx lim fm = $(x), 
Iun(2)I n-w 

H3 EepaBeECTB 4(2) < 1 EJIE $(2) < 1 MoXEIO OUpeLleJIETb o6nac~b CXOnE- 

MOCTH paaa ( 1 2 ) .  

l l p ~ ~ e p  5.1. H~GTH o6nac~b c x o n u ~ o c ~ n  @ y a ~ w o ~ a n b a o r o  paaa 



- 

1 

1 
l lccnenye~ noseneme pana B Towe r = -. 

2 
1 

CXOAHMOCTH ( ~ e o p e ~ a  1.2, n. 1). Cnenosa~enb~o,  ~lccnenye~brii  pan B TO¶Ke 
1 

CXOnHTbCR K P ~ ~ P H D H O ~  $YHKWA. T ~ K  KaK CXOAEIMOCTb P R A a  e C T b  CXOAII- 

- MOCTb IIOCneAOBaTenbHOCTH er0 9 a C T H 9 H b I X  CYMM, TO aHaSIOrHYHOe Y T B e P -  

K A e H H e  C n p a B e A n H B O  H AJIX PXAOB. Y C ~ O B H ~ M  TOrO,  YTO $ Y H K ~ H O H ~ S I ~ H ~ I ~ ~  

pffn C H e n p e p b I B H b I M H  9 n e H a M H  CXOAHTCX K H e n p e p h I ~ H o f i  $YHKWH, RBIIR- 

eTca paexoAcepxas cxoduAcocmb pana. 
~ O H R T H ~  p a ~ H o ~ e p H 0 f i  CXOAHMOCTH nORCHllM H a  n p H M e p e  $YHKUO- 

HaJIbHofi  IIOCneAOBaTenbHOCTH. 

~ Y C T ~  fn (x )  = f ( x )  AIIX BCeX X E X, T.e. $ J ' H K ~ H o H ~ J I ~ H ~ R  IIOCne- 

AOBaTenbHOCTb  { f n ( x ) )  CXOAHTCR B I I p O M e X y T K e  X K I I p e ~ e n b H o f i  $YHKUHH 

f ( x ) .  Cornac~o  onpenenermm npenena  TO ~ H ~ Y H T ,  ¶TO IIPH I#IHKCHPOB~H- 

HOM 3 H a q e H H H  Z = X' E X 9HCnOBiM IIOCJIeAOBaTenbHOCTb { f n ( x t ) )  CXOAHT- 

CX K qEiCnY f ( z ' ) ,  T.e. AJIR VE > 0 MOXHO y K a 3 a T b  ¶HCnO N' > 0, T a K O e ,  

¶TO JlnX vn > N' B e p H 0  HepaBeHCTBO I fn(xl )  - f (x l ) l  < E. A p y l W r O  

I # I ~ ~ c ~ p o s a ~ ~ o r o  x  = x" E X n o n y s n M  npyrym s ~ c n o ~ y m  n o c n e n o B a T e n b -  

HOCTb { fn (x l ' ) ) ,  R H P H  TOM Xe 3 H a 9 e H H H  E > 0 ¶HCnO N 1  M O X e T  OKa3aTbCR 

HenpkWOAKkJM - er0 npHAeTCR 3 U e H H T b  H a  N1' > N 1 .  ~ O C K O J I ~ K Y  X I IPH-  

H H M a e T  ~ ~ C K O H ~ ¶ H O  MHOrO 3 ~ a ~ e ~ ~ j i  B 0 6 n a c ~ ~  X, T O  HMeeM ~ ~ C K O H ~ ¶ H O  

MHOrO COOTBeTCTBYKJLLMX YHCnOBhIX I I o c ~ ~ A o B ~ T ~ J I ~ H o c T ~ ~ ~ ,  H A n R  K W O ~ ~  

H 3  HllX no $HKC~~POB&HHOMY E > 0 H~~%A€!TCX, 6 h I ~ b  M O X e T ,  CBOe 3 H a ¶ e H H e  

N. 
B O ~ H I I K ~ ~ T  BOnpOC, C y U e C T B y e T  ,713 YEICnO N * ,  lTpHr0,UHOe I I p I I  $HKcR- 

POBaHHOM E > 0 AJIX BCCX I I o c J I ~ ~ o B ~ T ~ J I ~ H o c T ~  { f n ( x ) )  He3aBIICHMO O T  



sm60pa z E X? E c n ~  Tuoe sxcno N'(E),  He 3 a ~ ~ c n r ~ e e  OT su6opa x E X, 
CYIUeCTBYeT, TO CXOnKMOCTb { fn(X))  K f ( x )  HaJbIBaIOT P ~ B H O M ~ P H O ~ ~  OT- 

HocEiTenaHo n e p e ~ e ~ n o i i  2.  

P~BHOM~PHYIO CXOAIiMOCTb { f n ( 2 ) )  K f ( X )  MOXKO KKTepIIpeTMpOBitTb 

reoMeTpIisecKu (pnc. 1). 

t Y  

3necb nna  Vn > N' r p @ ~ ~ I i  f n ( x )  uennKoM nohxeuaroTca BHYTPU nono- 
C ~ I  I I I E I P ~ O ~ I  2e, npone~earroir oKono rpa@Ii~a npenenbaoii @YHKUEIM f ( z ) .  

Onpenene~ne. flycmb $ ~ H ) E Y U U  f n ( x )  u f ( x )  onpedenexbz xa MHOWHCC- 

cmee X. roeopsm, umo &ynxquoxanbxcra nocnedoeamenbxocmb { f , ( z ) )  
paexonepno czodumca x $ynm(uu f (z) xa ncxoxecmee X, ecnu dna nro- 
doso E > 0 cyiyecmeyem uucno N ( E ) ,  maxoe, umo d m  ecmcoso xa- 
mypanbxoso n > N ( E )  u nwdoeo z E X ebrnonwemca Xepaeexcmeo 

Ifn(x) - f(41 < E .  

MOXHO TaKXe OIIPe~eWTb PaBEOMePHYIO CXOAHMOCTL He B TePMHBaX 

CXOAHMOCTH IIOCJIeAOBaTeJIbHOCTH 4aCTEIYEhlX CYMM, a B TepMHHaX OCTaT- 

KOB p a a .  

Onpe~[enea~e. Czodaucuircr e odnacmu X & y x ~ u o ~ ~ b x b a t l  pad 
00 

un(x)  xasbzeaemca paexoncepxo czodaryunccr e 3moZI odnacmu, ecnu 
n=l I 

dna VE > O cyyecmeyem xe saeucaqee om z E X uucno N = N(E), . . . . 

maroe, umo d m  ocmamsa prda R,,(r) = u r ( z )  cnpaaednueo Mepa- - k=n+l 
eexcmeo ( R n ( x ) (  < E npu ecez n > N  dna scez z E X. 



Teope~a 5.2 (xpumepuir Kowu). B n s  mozo, umo6b1 $ynquonanbnb~ri 
w 1 

psd u n ( x )  cxodunclr paenoMepno e o6nacmu X ,  n e o 6 x o d u ~ o  u docma- 
n= l  

mouno, umo6b1 d m  nw60zo E > 0 cytqecmeoeano namypanbnoe N = N ( E )  
(ne saeucstqee o m  x ) ,  maxoe, umo d m  ecex n > N u ecex p = 1,2,3, .  . . 
npu ecex x E X eb~nonnsemclr nepaeencmeo 

Teope~a 5.3 (npusnax Beireptumpacca). Ecnu uucnoeoir psd c neom- 
w 

pUQameAbHb6MU unenaMu x an caodumca U d m  VAeHOB $ ~ X K ~ U O X ~ A ~ X O Z O  
n=l  

w 

plrda u n ( x )  npu ecex n 2 no > 1 u ecex x E X cnpaeednueal oyenxu 
n= 1 

w 

m o  psd x u n ( x )  cxodumclr a6conwmno u PaenoMepno 6 o6nacmu X .  
n= 1 

m 
B  TOM cnygae roaopa~,  s ~ o  s ~ c n o ~ o f f  pan x a, "~arnopnpye~"  HC- 

n=l  
X O A H M ~ ~  (PJ 'HKuHoHUI~HM~ PXA, 8 CaM P E C ~ O B O ~ ~  PXJl H 8 3 b I B W T  MaXOpZiHT- 
HMM. 

= 1,2,3, . . .), T.e. s~cnoaofi prur. 1 MaxcopHpyeT ~ c c n e n y e ~ b ~ i i  @ ~ H K -  
n=13" 

U H O H U I ~ H M ~ ~  pan. sHcnoBoro p m a  06pa3yro~ reoMeTpHnecKym npo- 
rpeccnlo co s ~ a ~ e ~ a ~ e n e ~  q = 113 ( r e o ~ e ~ p w e c ~ n i i  pan). r e o ~ e ~ p w e -  
C K H ~  PXA CXOAHTCR IIpH < 1, CneAOBaTenbHO, B COOTBeTCTBHH C npH3Ha- 
KOM Beffepm~pacca, ~ c c n e n y e ~ ~ t i  pan c x o n ~ ~ c x  a 6 c o n l o ~ ~ o  H pasaoMepao 
Ha ~ c e i i  ~ ~ c n o ~ o f i  OCH. 



00 

Teope~a 5.4. ECAU UAeHbZ u,(x)  @ Y H K Y U O H ~ A ~ H O Z O  pflda u,(x) He- 
n=l 

npepblenbl na ompeslce [a ,  b] u psd c z o d u m c ~  paenouepno na [a,  61, m o  e2o 
c y u m  S(x) nenpepbzena na [a,  b].  

m 
Teope~a 5.5. Ecau &ynlcyuonaabnb~li p ~ d  C U, (X)  cxodumcg paeno- 

n=l 
00 

uepno  na ompeslce [a ,  b] u u n ( x )  unmezpupyeubz na [a ,  b],  m o  p . ~ d  C u n ( x )  
n=l u o x n o  nouAenno unme2pupoeamb, m.e. u u e e m  u e c m o  paeexcrneo: 

Teope~a 5.6. n y c m b  @ynlcyuu u,(x), n = 1 , 2 , 3 , .  . . HenpepbZeHbZ 
u u u e w m  nenpepblenbze na  ompeslce [a,b] npouaeodnbze u nycmb pad 
m 00 

u, (x)  cxodurnca xa ompearce [a, b],  a pad npouseodxblx C uk(x) cxo- 
n= l n=l 
dumcii paenoMepno na m o u  x e  ompesxe.  Tozda cyMua pada, m.e. @ y n ~ -  
ywr S ( x ) ,  du@@epetiyupyeua, npuueu  

00 

Teope~a 5.7. n y c m b  @yn1~~uona1~6nb1il  pad u n ( x )  cxodurnca pae- 
n=l 

nouepno e 0 6 ~ a c r n u  X ,  npuueu cywecme ywrn h-oneunbce npedenal 

Tozda: 
1) vucnosoil pad 

n o d u m c a ;  



n= 1 
em npeden npu x --+ xo, paanbzli c y ~ ~ e  uucnoeozo pada (*), m.e.  u ~ e e m  

m m 

lim C un(x) = C $ire un(x). 
2-20 n= 1 n = l  

1x1" C X O ~ H T C R  n p ~  lx 1 < I ,  ~ c x o n ~ b ~ f i  p ~ n  CXOAHTCR n p ~  lx 1 < 1. L[nx 
n=l 

xe ycnosnax. E c n ~  x = 1 HnH x = -1, T O  \un(f l)l = H pRA PaCXOAHTCR. 
3 

B H T O I X ,  H~cnenye~bIG PRA CXOAHTCX Ha B C ~ G  ¶ H C ~ O B O ~ ~  O C H ,  KpOMe TO- 

am ~ = > & 4 ( 1 + ; ) ' . 2 ~ ~ = ) i  I + -  . 2 ' = 2 " <  1, n-m ( 



:OHHaIthOII q&€!~OdHlI~ada@&ln OHXOH 

-3~ HL~O~H~OX~ oannon 'mgo~h 'OHXLH en~d OJOH~~HOH~XH~@ snmaod 
-nmada@@~n cuoHHauhon aun '9.9 mnadoa~ mmanxdaa~L OH~BUJO~ 

iHL30S4HUOX3 0.Ia nLmug0 a 
vu 1=u 

-1 xu U!S 

md q~eaod?amada@@mrn oHHauhon HV 0~x0~ .gS9 davu~d~ 

'HH~XH~@ go~ffmdadIIa~ a B3LHnOX3 nad 
~~H~~HoH~xH~@ grnnaLnau33~ 'p.9 rnnadoa~ na~~amcdaa~k 3 maL3Laa 

 LOO^ a 1~~qua~ea~nau3 '~30 noaou3~h ga3a EH m~amdadnaa - zU BW~ 
xu UIS 

I=" i -Hdn 011 L~~~VaLEff0~~~3 'L 1 E40llKd Hl¶BOIT3Hh X3YYElIIEllOX3 BZLakd~d 
Too 

i 
-oxen nsd grnnak~av33~ w > x > CO- H~II knquox30~ 

.co+ > x > co- ~ldn ga~na~k@ go~arndadna~ nLaxuax 



a a I i H b I k  p R n  CXOXHTCR PaBHOMePHO H a  B c e f l  ¶HCJIOBO~~ OCH, IIOCKOJIbKy 
1 1 O 0 1  < - H P R X  MaXOPHPYeTCR CXOAXIUUMCR ¶HCJIOBbIM PZAOM -. 

x2 + n2 - n2 n=l n2 
Cnenosa~enb~o, c o r n a c H o  y T s e p x n e H m o  T e o p e M m  5 . 5 ,  pxn MOXHO HEW- 

r P H P O B a T b  nO¶JIeHHO 110 n1o6o~y l T p O M e X y T K y  H 3  er0 O ~ J I ~ C T H  CXOAUMOCTH. 

~ H T ~ ~ P E I P Y R ,  nOJIY¶HM 

') kl (Z - l ) ( x  - 2 ) .  . . ( x  - n)' ( x  # n ) ;  

nx" 
4) 5- n2 + x2n ' 



- e-n2"] npx -m < x < +m. 
n= 1 

1 
c x p o ~ a ~ r ~ o ~  n: lim I Rn(x) I = 5, lim IRn(x)I = m. 06a c o o T H o m e n n x  

t--1+0 2-1-0 
1 

~ O K a 3 h I B a I O T ,  YTO OCj'IUeCTBEITb Hepa5eHCTBO lR,(X)( < E (E  < -) OnHO- 

BpeMeHHO AJIS BCeX X HeB03MOXHO. 
2 

9) CXOAHTCS A n n  BCeX 2 ,  HO Hepa5HOMepHO. 

Y~a3t lE~e .  OCT~TOK P B A a  



PRA IIPOEI3BOAHbIX PaCXOAHTCR BO BCeX TOqKaX,  KPOMe TO- 

(11 = 1 , 2 , 3 , .  . .). 

S n ( x )  = 1 - e-n2z2, S ( x )  = 1 IIPH x # 0, S ( 0 )  = 0. PRA 
IIPOH3BOAHbIX CXOAEITCR K 0 BO BCeX TOqKaX,  B TOM qEICJIe EI npEI  X = 0 ,  
HO HePaBHOMePHO. C ~ M M ~  HCXOAHOrO P R A a  B TOqKe X = 0 H M e e T  P 8 3 p b I B  EI 

IIOTOMY I I ~ o E I ~ B o A H o ~ ~  EIMeTb H e  MOXeT.  

13) MOXHO. 
14) H e n b 3 ~ .  PRA CXOAHTCR HepaBHOMepHO. 

BJ IR  BbISCHeHHR C B O ~ C T B  CTeIIeHHhIX PBAOB AOCTaTOYHO OI 'PaHHWTbCR PaC-  

CMOTPeHHeM PRAOB BHAB (13) ,  T a K  KaK pX.5 IIO CTeIIeHRM ( 2  - 20) JIerKO 

c s e c T H  K B H A ~  (13) s a ~ e ~ o i i  n e p e ~ e ~ ~ o f i  x-xo = 2 ,  T.e .  n e p e a o c o M  H a s a n a  

KOOpAEIHaT B TO¶Ky 2 0 .  - 

~ J I R  BbIRCHeHHR X a p a K T e p a  O ~ J I X T H  CXOAHMOCTH CTeneHHOrO p R A a  

c @ o p M y J I H p y e ~  CJIeAyIOIUyIO T e O p e M y .  

Teope~a  6.1 ( A 6 e u ) .  nycmb cmenenuoii pxd (13) cxodumca e movrce 
xo # 0. Toeda on cxodumca a6conwmuo e nwdoii mource x ,  dha rcomopoii 
1x1 < 1 ~ ~ 1 ,  U pa6HOMepHO 8 ~ ~ 6 0 f f  o6nacmu 1x1 5 r < 1 ~ ~ 1 .  

Ecnu cmenennoii pad (13) pacxodumca e mource x l ,  mo  on pacxodumca 
u 80 ecex mourcax x ,  marcux, umo lx i  > lxl 1 .  



E C ~ H  CyLLIecTByeT npenen (15), TO pan (14) cxon~ms, ecnn lxlL < 1, H pac- 
XOAHTCR, eCJIH ~xIL  > 1. CJ I~AOB~T~II~HO,  pan (13) CXOAHTCX ~ ~ c o J I X O T H O ,  

1 
O n p e n e n e ~ ~ e .  Yucno R = - matcoe, qmo dna ecez x, ydoenemeo- 

L 
pawu(uz ycnoeuw 1x1 < R, pad (14) czodumca, a d m  ecez x, ydoene- 
meopawu(uz ycnoeuw 1x1 > R,  pad paczodumca, nanbleaemca paduycou 
czodu~ocmu pada (13). 

O o p ~ y n a  nnx pannyca CXO~HMOCTH, nonysaeMaR c noMoubm npHsHaKa 
.&1a~6epa, HMeeT BU: 

1 
e c m  1x1 > -, a p a n ~ y c  CXOAHMOCTH pana (13) onpenenseTcs no aop~yne:  

L 

KOTOpM EOCHT Ha3BmHe $ophfynbI K o m ~  - Anmapa. 

n p ~ ~ e p  6.1. HGTH O ~ J I X T ~  CXOAHMOCTH pans 



a2n+l 

R = lim - lim - - 
n - m  ( n  + l ) !an2  - n+cn n + 1 - 00, 

n p ~ ~ e p  6.2. HGTH o6nac~b CXOAHMOCTH p X A a  

no  f$opMyne K o m ~  - Ana~apa (17) H a x o n H M :  

1 
R = 

1 1 - - 

n-cn 
n-cn 

1 1 " 1  " 
e ( l ) n L  l i m ( ( l + - - )  --) = I ,  

n p ~  z = - n o n y s a e M  ,l& 1 + ; - = 
,n n-co 

T . e .  H ~ O ~ X O A H M ~ I ~ ~  IIPE13Hah' CXOAHMOCTH H e  BbIIIOJIHeH, CJIeAOBaTeJIbHO, B 
1 

C J I ~ A Y ~ T  O T M e T H T b ,  ¶TO @0pMYJIa (16) AJIX pa.Li&TyCa CXOAHMOCTH BbIBe- 

A e H a  B IIpWIIOJIOXeHHEI, ¶TO C T ~ ~ ~ H H O G  p X A  (13) COAepXCET BCe CTeIIeHH 

I I e p e M e ~ F f o f I  2. B H m e M  Cny¶U? P a B H h I  HyJIIO K O ~ @ @ H K C E ~ H T ~ I  IIPH P e T H b I X  

CTeIIeHXX, II03TOMY 

c2n+l  C2n+2 lim - = 00, lim ---- - 
n-cn n-ca - 0, 

C2n In+ 1 

1 + 1) 1 2n + 1 
lim = 221z12 lim ------ - - 4(zI2 < 1 .  

W O O  (2n + 3 ) ( 2 ~ ) ~ " + '  "+* 2n + 3 



C O ~ ~ ~ C H O  BTOPOMy IIPH3HaKY CPaBHeHHX (CM. II. 2 )  3 T O T  Pm PaCXOAEITCX 

BMeCTe C TaPMOHU¶eCKEIM PXAOM, C KOTOPbIM MOXHO IIPOH3BeCTEI CpaBHe-  
w w 1  

L 

1 1 
AOBaTenbHO,  IIPOMeXYTOK CXOAHMOCTEI PffAa:  -- < X < -. 

2 2 

C ~ e n e ~ n  x BXOART B PXA c IIPOIIYCK~MH, ~ O ~ T O M Y  OIIST~ n p H M e a s e M  n p H -  

3HaK ,lIana~6epa HeIIOCpeACTBeHHO, T.e. B b I s H C n X S  I I p e A e n  OTHOIlIeHHS MO- 

nynet c o c e A H n x  H e H y n e s b I x  s n e H o B  pma: 

1 x ) ( n + 1 ) 2 n !  )x("2+2n+1n! lXl2n+l 
lim - lim - ]im - - 
"'0° ( n  + 1)!)x1n2 - "-00 ( n  + 1)!(x(n2 - "-00 n + 1 

- 0 n p H  1x1 5 1. 

C ~ e n e ~ ~ o t  pm c x o n ~ ~ c a  p a B H o M e p H o  n p H  1x1 5 r < R, n p m e M  r K ~ K  

YrOAHO 6 n ~ 3 ~ o  K p a A H y C y  CXOAHMOCTH R, HO H e  p a B H 0  e M y .  ~ O ~ T O M Y  A n X  

cTenemux p m o ~  cnpasennmw cnenyIoruHe y T s e p m 4 e H H a .  

Teope~a 6.2. B odnacmu paeno~epnotl cxodu~ocmu 1x1 5 r cme- 
nennotl pad (13) v o x n o  faounenno du@@epent(upoeama nrodoe uucno pas, 
npuuev paduycat czoduvocmu nonyuaevarz padoe marcxe paenat r .  



Teope~a  6.3. B o 6 ~ a c m u  paeno~epxoii cxodu~ocmu 1x1 < r cmenex- 
xofi p ~ d  (13) Momno nowzexno uxme~pupooamb, npuqe* nonyqenxbrii psd 
m 

Cn C -- sn+' cxodumcs B moii x e  o6~acmu 1x1 5 r .  
,,=,) n +  1 

1 
l l p ~ ~ e p  6.5. Haii~El CYMMY pana 

0603~a=iII~ CYMMY pana ~ ( x )  H nponn@@epemnpye~ pan nosnemo: 

m 1 
~ ' ( x )  = x xZn = nptr 1x1 < 1 .  

n=O 

dx 1 l + x  
- -1n- Y ( T ) = / ~ - ~  o nptr 1x1 < 1. 

f(")(xo) 
H @0pMynbI Teiinopa f ( x )  = x ----i--(X - "0)". B COOTBeTCTBElH 

n=O n. 
C yTBepm4eHEleM TeOpeMbI 6.2 C T ~ I I ~ H H O ~ ~  pXn B O ~ ~ ~ C T E  eI'0 CXOnHMOCTH 

12 - xO) 5 T MOXHO IIO'IJIeHHO L I H @ @ ~ ~ ~ H Q Z ~ ~ O B ~ T ~  n1060e sHCJIO pa3, T.e. 



~a3arsae~cx p m o ~  Teiinopa @YEKIZEE f (x) no CTeneHRM (x-xo) EIIE PRLIOM 

M u n o p e ~ a  B cnysae xo = 0. 
P ~ C C M O T ~ ~ H H ~  BOIIpOCa 0 TOM, K O r A a  B @ 0 p M y n e  (22) BMeCTO 3 H U a  

COOTBeTCTBHR MOXHO IIOCTaBHTb 3HaK PaBeHCTBa ,  MbI B b I H Y W e H b I  OTJIO- 

X H T b .  ~ Y A ~ M  C s H T a T b ,  ¶TO @YHKUFIII f (z) M O X e T  6 b I ~ b  IIpeACTaBJfeHa CBO- 

HM PRAOM Teiinopa nnn Maxnope~a B o 6 n a c ~ ~  CXOAHMOCTH pma. 
~ 0 n J " X H M  pa3J IOXeHHR HeKOTOPbIX @ Y H K U ~  IIO CTeUeHRM X,  HaXOAR KO- 

~ @ @ H U E ~ H T ~ I  lI0 @ 0 p M y n e  (21). 

~ O K ~ X ~ M ,  ¶TO P a A E Y C  CXOAEMOCTH pma (23) A ~ ~ C T B M T ~ X ~ H O  P a B e H  W. 

. Cn R =  hrn -= lim (n+= l im(n+ l )=m,  
n-m n-w n! n-m 

2. f (x )  = sinx. 

(sin x)' = cos x = sin ( ~ i n x ) ' l ~ = ~  = 1, 

(sin x)" = - sin x = sin , (sin x)" I,=, = 0, 

(sin x)''' = - cos x = sin , (sin ~ ) " ' l , = ~  = -1 



~ O K ~ X ~ M ,  YTO PanHyC CXOAHMOCTH PSAa ( 2 4 )  ~ ~ ~ I c T B H T ~ J B H o  PaBeH 00. 

CT~II~HH X BXOJJRT B pan C IIpOIIyCKitMH, lT03TOMY IIPHMeHEIM nPH3HaK .&- 
n a ~ 6 e p a  HenocpencTsemo, BbIsHcnaa npenen oTHomeHaa ~onynei i  cocen- 
Hax HeHynesHx nneHoB pma. 

. c2n+3xZnt3 ( 2 n  + I ) !  
lim -- = 1x1' lim 

n-cu c ~ ~ + ~ x ~ ~ + ~  I I n-00 ( 2 n  + 3 ) !  = O1 

3.  f ( x )  = cos 2. 

I l o s n e ~ ~ w ~  n a @ @ e p e r n u p o s a ~ ~ e ~  prrna ( 24 )  nonysuM: 

4 .  f ( x )  = ( 1  + x)O. 
B cnyYae a uenoro IIonoxHTenbHoro - 3T0 ~ H H O M  H b m ~ o ~ a ,  Ei B pasno- 

xeHsia conepxmca KoHesaoe s ~ c n o  sneHon. Ecna x e  a oTnHmo OT uenom 
IIOJIOXCHTeJIbHOrO PHCJIa, T O  IIPOH3BOnHble HMemT BHA: 



kl~110nb3yII B03MOXHOCTb IlOYIIeHHOrO HHTerPHpOBiLHHR CTeIIeHHbIX PR- 

AOB ( ~ e o p e ~ a  6 . 3 ) ,  ~ a i r r r e ~  p a 3 n o x e ~ ~ ~  nnx @ Y H K W ~ ~  l n ( l +  z) u arctg z. 

w x2n+l 
arctgx = C (-1)"- 1x1 < 1. 

n=O 2n + 1' 



HHTepeC IlCKyCCTBeHHMe npIleMbI pa3nOXeHHS @J'~~nIlji B PxnM C ECIIOJIb- 

3OBaHMeM @0pMyn ( 23 )  - ( 3 0 ) ,  KOTOpHe n03BOn~lOT CyUeCTBeHHO ynp0- 
C T B T ~  neno. 

n p ~ ~ e p  7.1. Papnoma~b n pxn Malcnope~a $JYHKUBIO f ( x )  = ez2.  
O0 un no *op~yne  ( 23 )  eu = 1 --. n y c ~ a  u = x2, Torna npa x  --, 0  aMeeM 

I n=O 72. 

U + 0  H @ O P M Y J I O ~ ~  ( 2 3 )  BOCnOnb3OBaTbCR MOXHO: 

n p H ~ e p  7.2. P ~ ~ ~ o x u T ~  no CTeIleHaM x  $J~HKI.~IM) f ( x )  = ln(8  + x 3 ) .  
00 un+l 

Bocnonb-~ye~cx p a - ~ n o x e n ~ e ~  ( 2 9 )  h ( l  + u) = C ( -1)"-  n o n a r a  
,,=o n + 1' 

l + x  
l l p ~ ~ e p  7.3. Pa3norntr~b B pxn Maxnope~a @ Y H K ~  h - 

1 - 2  

n p ~ ~ e p  7.4. D o n y s ~ ~ a  pxn Maxnope~a nna HHTerpanbHoro caHyca 

' sin t 
si(x) = 1 -dt .  

0 t 



Onpenene~~e.  Pad euda 

1, cos x, sin z, cos 2x, sin 22, . . . , cos nx, sin nx, . . . . (32) 

Onpenene~ne. Cucmewa @yn?quri (32) nasbzeaemcn mpuaonowempu- 
uecnoiS cucmeworl. 

J l e ~ ~ a .  Tpuzonowempuuec~cla cucmewa (32) w e e m  cnedywrque 
ceoticmea: 

1 )  unmezpan no o m p e s q  [-?r, ?r] o m  npouseedexua deyz pasnuunbu 
@ynm(uii smorl cucmewbr paeen nynw (3mo ceorlcmeo naabreaemca ceotl- 
cmeow opmoaonanbxocmu cucmewbr (32)), m .e .  

cos nr cos m r  dr = O, n + rn, 
- * 



- 
2) 

n / cos2 n r  dx = sin nx d r  = r, n = 1,2,3,..  . . 
- T 

i 
-n - 

u prrd (35) czodumca paeno.uepno na ompesxe [-A, A], moeda 

b,, = 1 J f (x)  sin nx dx. 
A-x 

~ ~ M ~ T U M ,  ZITO @ 0 p M y J I b I  (36) HMeIOT CMbICJI H e  TOJIbKO AJIR H e I I p e p b I B -  

HbIX H a  O T p e 3 K e  [-A, A] @YHKU&, HO T ~ K X ~  U AJIR @ Y H K U U ~ ~ ,  U H T e r P a J I b I  O T  
b 

IiOTOpMX CXOAXTCR ~ ~ c o J I I O T H O  H a  3TOM O T p e 3 K e .  ( ~ O B O ~ X T ,  ZITO / f ( X ) d X  
a 

b 

CXOAUTCR ~ ~ c o J I I O T H O ,  eCJIU CXOAUTCX / 1 f (x)ldx.)  TOM^ YCJIOBHIO YAOBJIe- 
0 

TBOPRIOT, B 9aCTHOCTU,  @YHKUEU, HMeIOILMe H a  O T p e 3 K e  [-A, A] KOHeZIHOe 

mcno pa3pb1~0~ n e p B o r o  pona u ~ y c o s ~ o - n ~ $ $ e p e ~ m p y e ~ b ~ e  H a  HeM.  

E c n ~  B TOZIKe X E (-A, ?r) CYfIIeCTBYIOT K O H e P H b I e  I I p e n e J I M  f (X + o), 
f (X - 0) H OJIHOCTOPOHHHe IIPOH3BOJlHbIe f i ( X )  H ff_(x), T O  PBJI @J'pbe 
@YHKUH f (x) CXOAHTCX B ~ T O B  T O P K e  H eM) C Y M M a  p m H a  

k J I H  C Y u e C T B Y I O T  KOHePHbIe  IIpeneJIbI f (-A+O), f ( A - 0 )  H 0,UHOCTOpOHHHe 

IIpOU3BOnHbIe f i ( - A )  H f L ( A ) ,  T O  PBIl @J'pbe $YHKUHH f (x) CXOnHTCff B 

T O P K ~ X  -A H A H ero c y M M a  B STHX TOPKM pama 



IIpmep 8.1. Pa3noxa~b B pan Oypbe @YHKQHIO 

1 npH - a < x < O ,  

- 1  npa O < x < a .  

4 00 sin (2n - 1)x sin3x sin 52 
f ( x )  = -- c = -4 ( i n X +  -+ - 

a,=, 2 n - 1  a  3 5 
+...) 

I Ionyse~mH pan cxonmca K f (2) BO Bcex T0PKa.x ee nenpepMBnocTn, a B 

TO¶Ke X = 0, B COOTBeTCTBHH C (37), 



r p a @ H s  CYMMbI CTPOMTCX C n e n y I O m H ~  0 6 p a 3 0 ~ :  H a  H H T e p B a n e  ( - a ,  a )  
S ( 2 )  = f ( x )  B TO¶liaX HeIIpePbIBHOCTH f ( x ) ;  B TOYKaX P a 3 P b I B a  @YHKLIHII 

f ( x )  H B T o m a x  x  = a  M x  = -a no q o p ~ y n a ~  (37) H (37'); nanee rpa- 
@IIK n p o n n e B a e T c x  c n e p H o n o M  2 e a  BCIO YHC~OBYIO O C ~ .  I 'pa@x~ C Y M M ~ I  

lTOJIyYeHHOr0 PXAa @ y p b e  lTpeACTaBneH H a  PHC. 2. 

00 

f ( x )  = C b, sin nz, 
n=l 

rne 

3 n e c b  m-rerpan B @op~yne  nna Bwu.icneHax bn B ~ J I T  IIO n o n o B a H e  

CHMMeTPWHOrO H a W p B a n a  H p e 3 y n b T a T  YABOeH, T U  K U  n0Jl HHTeI 'pa-  

JIOM CTOHT ¶t!THaB @YHI(LVM, JIBJIffIO~aJICff IIpOH3BeneHHeM n B y X  He¶eTHhIX 

@ Y H K ~ E ~ ~  M H T ~ ~ ~ ~ J I ~ I  n n f f  BbI¶HCJIeHaa Uo H an o ~ ~ ~ ~ ~ O T C X  B H y n b ,  IIO- 

CKOnbKy 6epy~ca IIO CHMMeTPWHOMy HHTepBaJIY OT He¶eTHbIX @)'HI(&. 

P ~ C C M O T ~ ~ H H ~  BhIIUe I I p H M e p  HJIJlJOCTpHpyeT 3TOT cJIp&. 



Pffn @ypbt? W ? T H O ~ ~  @ ~ H K U H U  (T.C. @J'HKUIIII, nI IX K O T O P O ~ ~  f ( -X)  = 
= f (x))  C o n e p x n T  T O J I ~ K O  9 n e H M  c KOCIIHYCBMII: 

a0 f (x) = - + C a, cos nx, 
2 n=, 

rne 

b,  pasea H y n m .  

Kycos~o -~n@Qepemupye~ax  Q Y H K U ~ X ,  3 a n a ~ ~ a x  H a  n p o M e m y T K e  

[O, T], M O X e T  6 b I ~ b  IIpOllOJIXeKa H a  IIpOMeXJ'TOK [- K, 0) n ~ 6 0  KaK W T H U ,  

n ~ 6 0  KaK H e Y e T H a ,  B COOTBeTCTBHH C 9 e M  C e  MOXHO p a 3 n O X K T b  B PXLt 

@J'pbe HJIH TOnbKO no KOCIIHJ'CBM, H n H  TOnbKO n0 CHHYCaM. 

B ~ ~ e r p a n b x  OT n e p n o n ~ ~ ~ e c ~ o f i  QYHKUU f (z) nepnona T no n m 6 o ~ y  
o T p e s K y  n n ~ ~ o f i  T c o n n a n a m T ,  T.e .  cnpasennnno cnenymuee y T s e p m e -  

H n e .  

J I ~ M M ~ .  Ecnu 4yu~qua  f (2) w e e m  nepuod T, m.e. Vz f (z + T) = 
= f (z), rno dna nw6ozo vucna a: 

a+T 

f (z) dz = / f (z) dz. (40) 
-T/2 a 

CI 

z npn 0 5 z 5 n, 
fez, = { 

-Z npn -n < z < 0 .  



2 2 cosnx " 
- ~ j s i n n x d x  = --(nsinns-0sin0)+ - - - 

0 
nn nn n I 0 - 

- 
( 0  npu n = 2 k ,  

4 
a n =  1 -(2k-lx7r 

npu n = 2 k -  1, 

n 4 00 cos (2k - 1)x 
f ( x ) = x =  - - -  C - - 

2 T (2k - 

n cos3x cos 5x - - - -  
32 52 

+...). O < x < . .  
2 n 

r p a @ n ~  C ~ M M ~ I  nonyneHaoro pana Qypbe npHseneH Ha pnc. 3. C r p a # m ~ o ~  

Pwc. 3 

1 '  sin nx 1 sin nx ' 
an = 1 jx2casnxdz  = - ~ ~ 2 d ( - - ) = ~ x  -1 - 

7r-x 7r-r n -' 



I 
i 

' 1 

- 
1 
'I 

i .  

I 

I 

bn = i / x2 sin n X  dx = 0 ,  IIOCKOJIbKy HHTerpaJI IIO ClXMMeTpH¶HOMy KH- 
- " 

TepBany 6 e p e ~ c x  OT neve~aoi i  @ y ~ ~ m a .  

2 " cos n x  2 cosnx " 
- - / ~ s i n n r d x = ~ / x d ( ~ )  =-x--1 - 

n*-" nn-" . nr n -= 

2 " 2 2 sin n x  " 
-- / cos n x  dx = - [r cos nr - ( - r )  cos(-r)]  - - - 
r n 2  -" rn2 rn2 n -" I - 

- 4 r  cos nr 
- n 4 ( - 1  7, n = 1 , 2 , 3 , . .  

rn2 

r2 02 cos n x  
x2 = - + 4 C (-I)"-. 

3 .=I n2 

1 sin n x  1 .  
= - - P xd (,) = - -x s m  n x  

O l o  I - r  + --! s innx dx = 
r - -  rn 



7r 2 00 cos(2k - 1)x Q, sin nx 
f (x)  = - - - C + C(-l)nT' -7r < x < 7r 

4 7r k=l (2k - 1 1 2  k=1 

B cnysae, ecnH nepnonKsecItan @ymsmra f (z) c nepHoAoM 21 3 m m a  

H a  o ~ p e 3 ~ e  [-l,l], ee pa3noxeHne B pax e p b e  Toxe BO~MOXHO, O A H ~ K O  

@opMJ'fIJsI AfIS BJsIsHCfIeHES K O ~ ~ @ H ~ P ~ ~ H T O B  HeCKOfIbKO BEAOB3MeHBIOTCZ. 
It 

Ecnn n p n 6 e r ~ y ~ b  K s a ~ e a e  nepe~emoii z = -, TO n o n y m ~  @YHKWIO 
A 

onpeneneHHyIo H a  o ~ p e s ~ e  t t [-n, n], K ~ o ~ o p o i i  npnnoxnbm Bce 
y r m e  coomiomemin: 



ao 00 nnx  nnx  f ( x )  = - + 1 a, cos - + b, sin -, 
2 n=1 1 1 

(41) 

1 ' nnx  
a n = - / f ( x ) c o s - d x ,  n=0 ,1 ,2  ,..., 

1 -I  1 

1 

a,  = / ezcosnnx dx = e' - e' sin nnx  dx = 
-1 

1 cosnnx ' - - - 
1 I - - / e r c o s n n x d x .  

n?r n n  - 1  n2n2-1 

H ~ H ,  nocne neneanx aa BbIpaxeHne, cToazqee nepen HHTerpanoM: 
1 ez cos n?rz cos n n  

a,, = / ezcosnnx dx = I = 
(e - e-') = 

- I 1+n2?rg -1 1+n2?r2 . 



1 nnez cos nnx nn cos n r  
b,, = / e z s innnxdx  = - I = 

(e- '  - e )  = 
- 1 1+n2n2 - 1  1+n2n2  

I I p u ~ e p  8.6. P a s n o x a ~ b  B p m  @ypbe @ Y H K U H ~  f ( x )  = (sin x( H a  

n  n  
orpe3ne [- ?, 

'IT 
3 ~ e c b  I = -, ~ Y H K X I H B  - q e ~ ~ a a ,  cnenosaTenbHo, b, = 0. 

2  

4 "12 4 
a0 = - j sin x dx = -(- cos x )  

' I T o  n  

4 1/2 ~ ' I T X  
a ,  = - sin x  cos - dx = sin x  cos 2nx dx = = 0 r/2 

2  cos (271 - 1)x 2  cos (2n + 1)s ' I 2  = - 
n  2 n - 1  n  2 n + 1  I - -  I = 

Cnenasa~ena~o,  pa3noxeHHe ( sin x  ( H a  oTpesrte -n/2 < x  5 x / 2  aMeeT 

2  4 cos 2nx Isinxl = - - - C ----- = 
n  r n = ~ 4 n 2 - 1  





f cx, = { O ecnu -1 < x 5 0,  
z ecnH 0 < x < 1. 

7r 4  cos (2n - 1)x. 
1)---I  

2 n (2n - ' 
1 1 .  2 cos 2nx 

2 )  - + - s ~ n z - - I - .  
7r 2 7r n=l 4n2 - 1 

+ 

2n 

n=l 

n2 cos nx 
5)E-I-;  "=I n 

- - 
00 7r 2n 6) z2 = I bnsinnz, me 62,  = --, b2n-1 = - - 8 

n = ~  n 2n - 1 ~ ( 2 n  - 1)3' 
(-l)n+l 

7 ) 2 C -  sin nz; 
n=l 

4 sin (2n - 1)nx 
8 ) l + - 1  

nn,l 2n-1 
1 4 a cos (2n - 1)nz 

9 ) - - - C  
2 n2 n=l (2n - 1 ) 2  ' 

4 "  1 (2n - 1)nz 
10) -; - sin 

I '  
(2n - 1)nz (-1In 

COS 
1 

+- 
2n 



B I I ~ H ~ ~ H X ~ H H ~ I X  s a r ~ ~ c n e ~ u x x -  cyMMa pana 3 a ~ e ~ a e ~ c a  ~ a c ~ ~ s ~ o i i  
c y ~ ~ o i i  ~TOI-o pana. E c n ~  ~ ~ B ~ C T H O  p a 3 n o ~ e ~ ~ e  $IYHKUIIH B c ~ e n e ~ ~ o i i  

TO nna n1o601-o w c n a  x*, B ~ R T O ~ O  n3 O ~ J I X T H  CXOAHMOCTH p m a  (44), cnpa- 
sennmo npn6n~u1 te~~oe  cooTHomeHHe: 

npH KaXAOM $IHKCEIPOB~HHOM n MOXHO IIOnYPHTb TOYHOCTb 3TOTO npn6n~-  
XeHHff, T.e. OUeHHTb BenH¶HHY 

O n e ~ ~ a  senmmar  (46) o c o 6 e ~ ~ o  npocTa, ecnn pan asnaeTca 31ia~o~e- 
penyIomMca. B   TOM cnyqae norpemHocTa s ~ s ~ c n e ~ e  He npesHmaeT 
BenHYmar nepBoro O T ~ ~ O ~ ~ H H O R I  nneHa, T.e. 

E c n ~  x e  pan He asnaeTca 3 ~ a ~ o ~ e p e n y 1 o ~ c a ,  TO npH oueaKe norpernHo- 
CTH MOrYT 6b I~b  HCIIO3lb30BaHhI TeOMeTPWeCKaB IIPOTPeCCHR, OUeHKa OCTa- 
TOYHORI ¶neHa pana Teiinopa unH ~ a ~ H e - r n 6 0  ApyrHe c o o 6 p a x e ~ ~ a .  

n p ~ ~ e p  9.1. B ~ I ¶ U C ~ E T ~  COS 10" C TO¶HOCTbIO A 0  10-I. 
kicnonbsya p m  nna cos x npn x = ~ 1 1 8 ,  ~ a i i a e ~ :  

T ~ K  KaK pan - 3~a~osepeny1o~u~iica,  norpernHocTb He npeBocxonHT nepao- 
r0 O T ~ ~ ~ C H B ~ ~ M O ~ O  YHCna. n o  3anaH~ofi TO¶HOCTH HaXOAHM n U3 YCIIOBHR: 



n p ~ ~ e p  9.2. Bbrsncnn~b C T09EOCTbX) nO BbIpaXeHHe I/  a. 
IIpenc~asrr~ 1/ $% B sane 

1 . 5 . 9 .  . . : ( 4k -3 )  
Y ¶ H T M B ~ ,  YTO 

2 . 42kk! 
< npn k  2 5, nonysaeM: 

1 1  -- 
m-2 

1  
rn (-3 ( - f ) . . . ( - 4 - ) t + l )  

1 + x  k=l k! (f)' = 



  TOT PRA CXOAHTCR 6 ~ c ~ p e e  r e o ~ e ~ p r n e c ~ o f i  nporpeccm co s ~ a ~ e ~ a ~ e -  
JleM q = 113. OCT~TOK P R A a  OUeHUM CJIeLIYIOLUEIM o 6 p a 3 o ~ :  

B3 ouenm BHAHO, ¶TO y x e  npu n = 3 norpermocTb s a r s ~ c n e ~ ~ i r  H e  6onee 
I I ~ o K ~ B ~ A ~ M  B H s U C n e H H a :  

H I 3 0 r n a  XIpKXOnEITCX BbIXCHXTb BOnpOC, RBnXeTCX JTH HeKOTOpaR BeJIH- 

s H H a  ~ ~ C K O H ~ ¶ H O  M W I O ~  HJTH HeT.  B 3TOM CJIy¶aR MOXHO HCCJIeLIOBaTb H a  

CXOnHMOCTb pan C H a A n e x a I r l u M  0 6 p a 3 0 ~  rron06pa~m.1~~ ¶JIeHaMU K EIC- 

n O n b 3 0 B a T b  ~ e o 6 x o n a ~ ~ i i  IIpEI3HaK CXOAHMOCTEI. 

an 
I I p n ~ e p  9.4. Bblsncnu~b npenen ,,hi a. 

QO an 
~ c c J ~ ~ A ~ ~ M  H a  ~ ~ ~ c o J I I O T H ~ I O  CXOAHMOCTb PRA - C ~ O M O W I O  IIPEI- 

n=l n! 
3 ~ a ~ a  f lma~6epa: 

laln+'n! 
n-oo n-a ,  a n 

= 0, 
I I ( + I ) !  

T.e. P R A  CXOAEITCR, CJIeAOBaTenbHO, UO H ~ O ~ X O A U M O M Y  npEI3HaKy  CXOAHMO- 
an 

cra  ~ X A O B ,  npenen o6uem s n e H a  P X A a  ,,li~s -J = 0. 

a(@ - l ) . . . ( a -  n + 
IIpm~ep 9.5. H a i i ~ n  npenen Jim, , I  

lirn 
- 1). . . (a  - n + l)(a - nLn! an+' 

n-OO n! ( n  + l ) a ( a  - 1 ) .  . . (a - n + 1 )  an 
n - a  

= lim -la(, 
n-w n + 1 



a(a- I ) . .  . (a  - n +  
o ~ ~ y n a  s a ~ n ~ o q a e ~ ,  ¶TO ,,hi = 0 npn JaJ < 1, 

n ! 
a npx la( > 1 npenen 6 e c ~ o ~ e s e ~ .  

Bo uHorux cnysaxx uenecoo6pas~o n p n 6 m m e ~ ~ o e  BbIsncneme onpe- 
neneHHMx UHTerpanOB. Ecnn lTO&MHTerpaJIbHax c p y ~ ~ u n a  pa3narae~ca B 

c ~ e n e ~ ~ o i i  pan, a npenenar uHTerpnpoaaHua npHHannemaT o6nac~n cxo- 
AHMOCTH 3TOr0 pffna, TO MHTerpaJI MOXCeT 6 ~ ~ b  BbIW5CneH C 3anaHEoii 
T09HOCTbIO. 

sin x 
M H T ~ I - P ~ J I  / - dX He MOXeT 6 M ~ b  BblpaJKeE B 3JIeMeHTaPHbIX @J'EK- 

2 
m X X ,  IIO3TOMY n p ~ 6 m m e ~ ~ o e  BbIsHCneHHe eIY3 ffBnXeTCS ellIlHCTBeEH0 B03- 

MOXHMU. I I o n ~ ~ ~ e r p a n b ~ o e  Barpameme pa3naraeTca B pan 

sin x 22n+l 
.. . + ( -1 )"  +...I = 

x x ( 2 n  + I ) !  

B ~ ~ e r p n p y f f  pan nosnexiHo, nonysaeM: 

/ I I o c ~ o m ~ y  pas  s~a~osepenymm&ca, norpenraocTb He npe~30kn&~ Bennr- 
1 n ~ w r  nepBom 0~6pomeaaoro sneHa 



H~~erpuposa r r~e  n~@@epemnarra~arx y p a ~ ~ e ~ x i i  c no~oruam pmos ne- 
necoo6pa3~0 B Tex cnysaxx, Korna EX pemeaHs He BarpaxaroTcn B sne- 
MeHTapHbIX @YHKQHPX HnE He IIPHBOABTCB K KBaApaTYpaM ( ~ . e .  He MOrYT 

6hx~b IIpeACTaBJIeHbI B BHAe EHT~~~ZUIOB) .  B TaKHX CnY¶aPX pJU, BBnXIO- 

w i i c a  pemeHneM nsi@+epeatmarrb~oro ypasaeHRa, MOXHO H&TH MemAOM 

HeOllpeAeJIeHHhIX KO~@@HIXH~HTOB HJIH CIIOCO~OM, OCHOBaHHhIM H a  UPSMOM 

HCUOnb30BaEHE @0p~ynb1 Teiinopa. 
Me~on  HeOUpeAeJleHHhIx KO~@@EUE~HTOB o c o 6 e ~ ~ o  yno6ea B UpHMeHe- 

HEH K n a ~ e t a a r ~  ypasaeetaaM, T.e. ypaBHeHaaM Bma 



H COCTOHT D C n e n y I O U e M .  E c n ~  BCe K O ~ @ @ H U H ~ H T M  p k ( X )  II C B O ~ O A H M ~  ¶ n e H  

f (x)  pa -~nara~o~ca  B PRAM no C T e n e H a M  (.T - xO), cxonmmeca B H e K o T o p o M  

IIHTepBaJIC (2'0 - h, Xo + h), TO HCKOMOe PeLueHHe  y = Y ( X )  M O X e T  6b1Tb 

IIpCACTaBneHO B BHAe CTeIIeHHOlW P S A a  

cxonxueroca B TOM x e  H H T e p s a n e .  &c~asnaa  B y p a s r r e H a e  (47) @YHKUHIO 

(48) 11 ee IIpOH3BOnHbIe, I IpHpaBHHBaeM K O ~ @ @ H I U ~ ~ H T M  I l P H  OnHHaKOBbIX 

c T e n e H a x  (x - xo). 113 n o n y s a e M M x  n p H    TOM y p a ~ ~ e ~ E d i  a H a s a r r a H M x  

~ c ~ o B I I ~  (~cJIH OHH 3 a n a . H ~ )  YAaeTCR H ~ ~ T H  KO~@@HIIH~HTM Co, C1, C2, . . . . 
B n p H s e n e H m x  nanee npmepax p a c c M o T p e H o  npnnoxeme p a n o B  K pe- 

L u e a m o  npoc~ei imm n ~ @ @ e p e m t ~ a n b ~ ~ x  y p a m e ~ d ,  K o T o p M e  n e r K o  pe- 
m a I O T c a  O ~ M ~ H M M I I  MeTOAiLMII. Ta~oii ~b160p 1 1 0 3 ~ 0 n a e ~  6 e 3  rpOM03AKHX 

BhIKllaAOK YRCHHTb HAeIO MeTOAa. 



rne C = 1 u3 Y C ~ O B H S  ylz=o = 1. O s e ~ n n ~ o ,  YTO nonyserinble pemeHnx 
connanaroT. 

I l p ~ ~ e p  9.9. Haii~u o6~4ee pemexine YpaBHeHm y" = -y  B Bnne cTe- 
nennoro pnna. 

Peme~ue HueM B BHAe pxna: 



g = co cos r + cl sin x 

~ ~ C ~ I I T ~ C R  D COBnaACHMLX I>C3yJIbTaTOD MH'rerp l IpOBaHCIR MOXHO. Cl>aDH&XD 

COnCpXHMOe K D a A p a T H h l X  C K O ~ O K  CO CTeneHHbIMM IIRAaMH AJIR COS L M sill X .  



tr sacTnoe pememe ypaaaeaax: 

Peruax  TO YpaBHeme KaK nnaeiiaoe HeonaoponHoe c nocToariHarMH ~ o s @ -  
@ L I U E I ~ H T ~ M E I  IIpH TeX Xe HaTaJIbHMX ~ C ~ ~ O B A X X ,  H & X ~ M  

T.e. TOT Xe pe3ynbTaT. 
w 

I I p a ~ e p  9.11. H a f i ~ ~  nepsare nnTb sneHoB pa3noxce~~a B p m  peme- 
HUS YpaBHeHES: 

= r2 +Y2 



BbIpaxeHHR AnR IJpOH3BOAHUX yl',#, . . . ~ a ? k I e M ,  n a @ @ e p e ~ I I E p y R  EICXOA- 

Hoe ypaBHeHcie: 



'0 = fix + ,,fi (i;~ 

: aon 
-nd twsrnoNorr 3 xaaaaavdd o~oaslrvr?haada@$nU a11~arnatI Jamgo IIL~SH 
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